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A MODEL FOR HUMAN CONTROLLER REMNANT 
By W i l l i a m  H .  L e v i s o n ,  David L. Kleinman,  and  She ldon  Baron 
SUMMARY 
A model h a s  been  d e v e l o p e d  f o r  p r e d i c t i n g  t h e  s p e c t r a l  c h a r -  
a c t e r i s t i c s  o f  human c o n t r o l l e r  remnant  i n  s i n g l e - d i s p l a y  c o n t r o l  
s i t u a t i o n s .  Remnant i s  assumed t o  a r i se  p r i m a r i l y  f rom u n d e r l y i n g  
p s y c h o p h y s i c a l  s o u r c e s  s u c h  as :  ( 1 )  o b s e r v a t i o n  n o i s e ,  ( 2 )  motor  
n o i s e ,  and  ( 3 )  t i m e - v a r i a t i o n s  i n  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  func-  
t i o n .  These  s o u r c e s  a r e  assumed t o  b e  w h i t e  n o i s e  p r o c e s s e s  t h a t  
a r e  l i n e a r l y  i n d e p e n d e n t  o f  e a c h  o t h e r  and  o f  t h e  s i g n a l s  c i r c u l a t -  
i n g  t h r o u g h  t h e  c o n t r o l  s y s t e m .  It  i s  shown t h a t  t h e s e  p r o c e s s e s  
are e s s e n t i a l l y  i n d i s t i n g u i s h a b l e  i n  terms o f  t h e i r  e f f e c t s  on con- 
t r o l l e r  b e h a v i o r ,  and  t h e y  a r e  lumped i n t o  a n  e q u i v a l e n t  ( m a t r i x )  
m u l t i p l i c a t i v e  o b s e r v a t i o n  n o i s e  s o u r c e .  
Al though o u r  model assumes t h a t  t h e  s o u r c e s  o f  c o n t r o l l e r  
remnant  a r e  m u l t i p l i c a t i v e  i n  n a t u r e ,  we c a n n o t  r e a d i l y  compute 
t h e  c h a r a c t e r i s t i c s  o f  a  m a t r i x  m u l t i p l i c a t i v e  n o i s e  p r o c e s s  from 
t h e  a v a i l a b l e  manual c o n t r o l  d a t a .  We t h e r e f o r e  a n a l y z e  t h e  m u l t i -  
p l i c a t i v e  n o i s e  model t o  p r e d i c t  t h e  s p e c t r a l  c h a r a c t e r i s t i c s  o f  a n  
e q u i v a l e n t  s c a l a r  a d d i t i v e  o b s e r v a t i o n  n o i s e  which i s  more e a s i l y  
o b t a i n a b l e ,  The model p r e d i c t i o n s  a r e  v a l i d a t e d  bv t h e  d a t a  ob- 
t a i n e d  from t r a c k i n p  s t u d j e s  i n v o l v i n g  f o v e a l  v i ewinp  o f  a s i n e l e  
d i s p l a y .  We f i n d  t h a t  t h e  e q u i v a l e n t  o b s e r v a t i o n  n o i s e  s p e c t r a  
o b t a i n e d  e x p e r i m e n t a l l y  c a n  b e  a c c o u n t e d  f o r  by w h i t e ,  m u l t i p l i c a -  
t i v e ,  n o i s e  p r o c e s s e s  h a v i n e  power d e n s i t y  l e v e l s  o f  a b o u t  0 . 0 1  
u n i t s  o f  n o r m a l i z e d  power p e r  r a d / s e c  a c t i n p  on e a c h  o f  t h e  ob- 
s e r v e d  v a r i a b l e s .  T h i s  n o r m a l i z e d  n o i s e  l e v e l  i s  shown t o  b e  i n -  
v a r i a n t  w i t h  r e s p e c t  t o  i n p u t  bandwid th ,  i n p u t  a m p l i t u d e ,  s y s t e m  
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dynamics, and t o  t h e  v a r i a b l e  ( i . e . ,  p o s i t i o n  o r  r a t e )  b e i n g  e s t i -  
mated by t h e  c o r i t r o l l e r  from h i s  d i s p l a y .  Ir!e a r e  t h u s  a b l e  t o  
account  f o r  c o n t r o l l e r  remnant. i n  a  l a r ~ e  c l a s s  o f  manual c o n t r o l  
s i t u a t i o n s  b y  a  model t h a t  c o n t a i n s  only  a  s i n g l e  pa ramete r .  
We f i n d  t h a t  a  s i m p l e  m u l t i p l i c a t i v e  model of  remnant i s  i n -  
s u f f i c i e n t  t o  e x p l a i n  t h e  remnant d a t a  o b t a i n e d  when d i s p l a y s  a r e  
viewed p e r i p h e r a l l y .  Although t h e  s p e c t r a l  c h a r a c t e r i s t i c s  of t h e  
o b s e r v a t i o n  n o i s e  remain  w h i t e ,  t h e  power l e v e l  i s  h i g h l y  dependen t  
on t h e  n a t u r e  o f  t h e  v iewing c o n d i t i o n s .  T h i s  r e s u l t  s u g g e s t s  t h a t  
a  measure of e q u i v a l e n t  o b s e r v a t i o n  n o i s e  may prove  t o  b e  a  u s e f u l  
m e t r i c  f o r  e v a l u a t i n g  t h e  q u a l i t y  of  a n  i n s t r u m e n t  d i s p l a y .  
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I .  I N T R O D U C T I O N  
The remnant  i s  a n  i m p o r t a n t  component o f  t h e  q u a s i - l i n e a r  
r e p r e s e n t a t i o n  f o r  t h e  human c o n t r o l l e r .  It f r e q u e n t l y  a c c o u n t s  
f o r  a l a r g e  f r a c t i o n  o f  t h e  c o n t r o l l e r ' s  o u t p u t ,  somet imes  f o r  
most  o f  i t .  A l l  t o o  o f t e n  t h e  remnant  i s  i g n o r e d  i n  t h e  a n a l y s i s  
o f  manual c o n t r o l  s y s t e m s .  T h e  p r i n c i p a l  r e a s o n  f o r  t h i s ,  we s u s -  
p e c t ,  i s  t h e  l a c k  o f  good models  f o r  t h e  r emnan t .  Development and  
v e r i f i c a t i o n  o f  s u c h  models  h a s  been  t h e  o b j e c t i v e  o f  t h e  r e s e a r c h  
d i s c u s s e d  i n  t h i s  r e p o r t .  
We a d o p t  a s  o u r  o p e r a t i n g  d e f i n i t i o n  o f  human c o n t r o l l e r  rem- 
n a n t  t h e  p o r t i o n  o f  t h e  c o n t r o l l e r ' s  r e s p o n s e  t h a t  i s  l i n e a r l y  un- 
c o r r e l a t e d  w i t h  t h e  sys t em f o r c i n g  f u n c t i o n .  T h i s  r e m n a n t ,  which 
we c a n  measure  d i r e c t l y  v i a  a p p r o p r i a t e  e x p e r i m e n t a l  and a n a l y t i c a l  
t e c h n i q u e s ,  i s  assumed t o  a r i s e  f rom one o r  more o f  a  number o f  
p o t e n t i a l  p s y c h o p h y s i c a l  n o i s e  p r o c e s s e s  whose c h a r a c t e r i s t i c s  c a n  
b e  i n f e r r e d  from a n a l y s i s  o f  t h e  remnant  d a t a .  
I n  t h e  main body of  t h i s  r e p o r t  w e  p o s t u l a t e  a  model o f  t h e  
n o i s e  p r o c e s s e s  r e s p o n s i b l e  f o r  c o n t r o l l e r  r emnan t ,  d e v e l o p  a theo -  
r e t i c a l  framework which a l l o w s  us  t o  p r e d i c t  t h e  n a t u r e  o f  c o n t r o l l e r  
r emnan t ,  and t e s t  t h e s e  p r e d i c t i o n s  a g a i n s t  e x i s t i n g  manual c o n t r o l  
* 
d a t a .  These d a t a  were o b t a i n e d  from e x p e r i m e n t s  which were  n o t  
n e c e s s a r i l y  d e s i g n e d  s p e c i f i c a l l y  t o  i n v e s t i g a t e  c o n t r o l l e r  r emnan t .  
However, t h e y  i n c l u d e  a  s u f f i c i e n t  v a r i e t y  o f  c o n t r o l  c o n d i t i o n s  
t o  p r o v i d e  t e s t s  o f  t h e  ma jo r  c o n c l u s i o n s  o f  o u r  t h e o r e t i c a l  d e v e l -  
opment.  
A dominant  theme i n  o u r  model deve lopment  h a s  been  t o  s e a r c h  
f o r  u n d e r l y i n g  remnant  s o u r c e s  which t h e m s e l v e s  a r e  p r o c e s s e s  whose 
c h a r a c t e r i s t i c s  a r e  r e l a t i v e l y  i n d e p e n d e n t  of  c o n t r o l  s y s t e m  param- 
e t e r s ,  s u c h  a s  i n p u t  s p e c t r a l  c h a r a c t e r i s t i c s  and p l a n t  dynamics .  
SC 
The manual c o n t r o l  d a t a  a n a l y z e d  i n  d e p t h  i n  t h i s  r e p o r t  were  p ro -  
v i d e d  b y  a  s e r i e s  of e x p e r i m e n t a l  s t u d i e s  b y  NASA-Ames R e s e a r c h  
C e n t e r  unde r  C o n t r a c t  bJAS2-3080. The r e s u l t s  o f  t h e s e  s t u d i e s  have  
b e e n  r e p o r t e d  i n  t h e  l i t e r a t u r e  ( R e f .  1 ) .  
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We have t r i e d  t o  a v o i d  a s  much a s  p o s s i b l e  t h e  c o n s t r u c t i o n  of  
a  c a t a l o g  o f  p r o c e s s e s  each of which d e s c r i b e s  remnant i n  a  par-  
t i c u l a r  c o n t r o l  s i t u a t i o n .  
The o r g a n i z a t i o n  of t h e  r e p o r t  i s  a s  f o l l o w s .  Background i n f o r -  
mat ion  i s  p r e s e n t e d  i n  Chap te r  11. F i r s t ,  we d i s c u s s  two p o s s i b l e  
d e f i n i t i o n s  o f  c o n t r o l l e r  remnant:  a  g e n e r a l  d e f i n i t i o n  which i s  
no t  r e s t r i c t e d  t o  q u a s i - l i n e a r  models of  t h e  c o n t r o l l e r ,  and t h e  
more r e s t r i c t i v e  d e f i n i t i o n  which we adop t  as t h e  o p e r a t i n g  d e f i n i -  
t i o n  f o r  t h i s  r e p o r t ,  The remainder  o f  Chapter  I1 is  devoted  t o  a  
review o f  t h e  l i t e r a t u r e  r e l a t i n g  d i r e c t l y  t o  s t u d i e s  of  c o n t r o l l e r  
remnant and t o  a  r ev iew o f  psychophys ica l  d a t a  which i l l u s t r a t e  t h e  
b a s i c  n a t u r e  o f  human randomness. C e r t a i n  a s p e c t s  of v i s u a l  i n f o r -  
mat ion  p r o c e s s i n g  a r e  a l s o  d i s c u s s e d .  
A model f o r  t h e  g e n e r a t i o n  of c o n t r o l l e r  remnant i s  developed 
i n  Chapter  111, A number of m u l t i p l i c a t i v e  w h i t e  n o i s e  s o u r c e s  a r e  
p o s t u l a t e d  a s  s o u r c e s  of  remnant ,  and t h e s e  p r o c e s s e s  a r e  shown t o  
be  i n d i s t i n g u i s h a b l e  f o r  t h e  most p a r t  i n  te rms o f  t h e  a n a l y s i s  t h a t  
can be  performed on t h e  e x i s t i n g  manual c o n t r o l  d a t a .  These pro-  
c e s s e s  a r e  t h e n  lumped mathemat ica l ly  i n t o  a n  e q u i v a l e n t  v e c t o r  ob- 
s e r v a t i o n  n o i s e  p r o c e s s  which s e r v e s  a s  a  b a s i s  f o r  p r e d i c t i n g  con- 
t r o l l e r  remnant i n  a v a r i e t y  of  c o n t r o l  s i t u a t i o n s .  
Exper imenta l  and a n a l y t i c a l  t e c h n i q u e s  a r e  summarized i n  
Chapter  I V .  P rocedures  a r e  d e s c r i b e d  f o r  computing o b s e r v a t i o n  
n o i s e  s p e c t r a  from e x i s t i n g  manual c o n t r o l  d a t a .  These s p e c t r a ,  
p r e s e n t e d  i n  Chapter  V ,  v a l i d a t e  t h e  model p r e d i c t i o n s  of  Chap te r  
I11 and p r o v i d e  t h e  n e c e s s a r y  q u a n t i f i c a t i o n  of  t h e  e q u i v a l e n t  ob- 
s e r v a t i o n  n o i s e  p r o c e s s  t o  a l low t h e  p r e d i c t i o n  of c o n t r o l l e r  be -  
h a v i o r  and sys tem performance f o r  a  l a r g e  c l a s s  of manual c o n t r o l  
s i t u a t i o n s .  
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The c o n c l u s i o n s  o f  t h i s  r e p o r t  a r e  summarized i n  C h a p t e r  V I .  
I n  a d d i t i o n ,  we s u g g e s t  a r e a s  o f  f u r t h e r  r e s e a r c h  aimed a t :  ( 1 )  
o b t a i n i n g  a f u l l e r  u n d e r s t a n d i n g  o f  t h e  s o u r c e s  o f  r e m n a n t ,  ( 2 )  
d e t e r m i n i n g  t h e  c h a r a c t e r i s t i c s  o f  t h e  e q u i v a l e n t  o b s e r v a t i o n  n o i s e  
p r o c e s s  i n  a v a r i e t y  o f  c o n t r o l  s i t u a t i o n s ,  and  ( 3 )  d e v e l o p i n g  
t e c h n i q u e s  o f  a p p l y i n g  models  o f  o b s e r v a t i o n  n o i s e  i n  complex con- 
t r o l  s i t u a t i o n s .  
T h i s  r e p o r t  c o n t a i n s  t h r e e  a p p e n d i c e s .  Appendi-x A p r e s e n t s  a 
t h e o r e t i c a l  i n v e s t i p a t i o n  o f  t h e  l i n e a r  c o r r e l a t i o n  be tween  s y s t e m  
e r r o r  and  t h e  m u l t i p l i c a t i v e  n o i s e  p r o c e s s  assumed t o  o p e r a t e  on 
t h a t  s i g n a l .  A s e t  o f  c o n t r o l l e r  remnant  s p e c t r a  p r e s e n t e d  i n  a n  
e a r l i e r  r e p o r t  i s  r e a n a l y z e d  i n  g r e a t e r  d e t a i l  i n  Appendix B.  
Appendix C c o n t a i n s  a  d e t a i l e d  d e s c r i p t i o n  o f  o u r  e x p e r i m e n t a l  and  
a n a l y t i c a l  p r o c e d u r e s .  
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11. BACKGROUND DISCUSSIOIU '  
D e f i n i t i o n  o f  C o n t r o l l e r  Remnant 
Two d e f i n i t i o n s  of  human c o n t r o l l e r  remnant a r e  d i s c u s s e d  
i n  t h i s  s e c t i o n .  We p r e s e n t  f i r s t  a  g e n e r a l  d e f i n i t i o n  o f  
remnant - one which does no t  r e s t r i c t  t h e  form o f  t h e  de termin-  
i s t i c  p o r t i o n  o f  t h e  c o n t r o l l e r ' s  b e h a v i o r .  We t h e n  d i s c u s s  a  
more c o n v e n t i o n a l  d e f i n i t i o n  - one t i e d  t o  a  q u a s i - l i n e a r  de- 
s c r i p t i o n  of  c o n t r o l l e r  b e h a v i o r  - which we a r e  e s s e n t i a l l y  
f o r c e d  t o  adop t  because  o f  t h e  l i m i t a t i o n s  o f  o u r  d a t a  b a s e .  
. --One d i c t i o n a r y  d e f i n i t i o n  o f  remnant 
i s  " r e s i d u e  ; remainder .  " Remainder from what? With r e s p e c t  t o  
human response  t h e o r y ,  "remnant" h a s  g e n e r a l l y  been t h e  t e r m  used 
t o  d e s c r i b e  t h e  p o r t i o n  o f  t h e  c o n t r o l l e r ' s  b e h a v i o r  n o t  account-  
ed f o r  by some model ( u s u a l l y  l i n e a r ,  t i m e - i n v a r i a n t )  o f  t h e  con- 
t r o l l e r .  The d i f f i c u l t y  w i t h  t h i s  d e f i n i t i o n  i s  t h a t  i t  does  n o t  
un ique ly  r e l a t e  t o  a  s p e c i f i c  component o f  t h e  c o n t r o l l e r l s  r e -  
sponse ,  b u t  i t  i n c l u d e s  mode l l ing  i n a d e q u a c i e s  on t h e  p a r t  o f  
t h e  e x p e r i m e n t e r  a s  w e l l .  A t r u l y  unique d e f i n i t i o n  of c o n t r o l -  
l e r  remnant i s  d e s i r e d  f o r  p h i l o s o p h i c a l  r e a s o n s ,  even i f  such  
a  d e f i n i t i o n  cannot  be p u t  t o  immediate p r a c t i c a l  use .  T a y l o r  
(Ref.31)  has  s u g g e s t e d  a  method f o r  e x t r a c t i n g  t h e  s t o c h a s t i c  
component o f  t h e  c o n t r o l l e r t s  o u t p u t .  Our g e n e r a l  d e f i n i t i o n  o f  
remnant i s  a n  e x t e n s i o n  of t h i s  i d e a .  
We propose  t h a t  human c o n t r o l l e r  remnant be d e f i n e d  a s  t h a t  
component o f  t h e  c o n t r o l l e r ' s  o u t p u t  t h a t  i s  n o t  d e t e r m i n i s t i c a l l y  
r e l a t e d  t o  sys tem i n p u t s .  No c o n s t r a i n t s  on t h e  n a t u r e  o f  t h e  
d e t e r m i n i s t i c  p o r t i o n  o f  t h e  c o n t r o l l e r f s  s t r a t e g y  a r e  i m p l i e d ;  
i t  may c o n t a i n  n o n l i n e a r i t i e s  and t i m e - v a r i a t i o n s  t h a t  a r e  re- 
l a t e d  i n  a  c o n s i s t e n t  manner t o  t h e  sys tem i n p u t .  The remnant 
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s o  d e f i n e d  w i l l  a c c o u n t  f o r  t h e  s t o c h a s t i c  component o f  t h e  con- 
t r o l l e r ' s  o u t p u t :  i . e . ,  t h e  component t h a t  c a n n o t  b e  p r e d i c t e d  
e x c e p t  i n  a  s t a t i s t i c a l  s e n s e .  The remnant  i s  t h u s  t h e  "remain-  
d e r "  o f  t h e  c o n t r o l l e r ' s  o u t p u t  i n  t h a t  i t  f a i l s  t o  b e  a c c o u n t e d  
f o r  by t h e  b e s t  p o s s i b l e  d e t e r m i n i s t i c  model f o r  t h e  c o n t r o l l e r .  
The r emnan t ,  when d e f i n e d  i n  t h i s  w a y ,  d i f f  r s  b a s i c a l l y  7 
f rom t h e  non-remnant ( o r  d e t e r m i n i s t i c )  component o f  t h e  con- 
t r o l l e r ' s  o u t p u t  i n  two i m p o r t a n t  r e s p e c t s .  F i r s t  o f  a l l ,  t h e  
t i m e  h i s t o r y  o f  t h e  d e t e r m i n i s t i c  component can  i n  t h e o r y  b e  
p r e d i c t e d  e x a c t l y ,  whereas  t h e  t i m e  h i s t o r y  o f  t h e  remnant  i s  a 
random p r o c e s s .  S e c o n d l y ,  o n l y  t h e  d e t e r m i n i s t i c  component o f  
t h e  c o n t r o l l e r ' s  o u t p u t  i s  u s e f u l  i n  c o n t r o l l i n g  t h e  p l a n t ;  
t h e  remnant  s e r v e s  o n l y  t o  d i s t u r b  t h e  sys t em.  
T h i s  g e n e r a l  d e f i n i t i o n  o f  r e m n a n t ,  u n f o r t u n a t e l y , d o e s  n o t  
l e n d  i t s e l f  r e a d i l y  t o  p r a c t i c a l  a p p l i c a t i o n .  The p r i m a r y  d i f -  
f i c u l t y  i s  t h a t  a  v e r y  l a r p e  d a t a  b a s e  i s  r e q u i r e d  t o  p e r m i t  t h e  
measurement o f  r emnan t .  Note t h a t  t h e  remnant  component c a n n o t  
be  e x t r a c t e d   fro^ a s i n g l e  t r a c k i n g  r u n  when no  con- 
s t r a i n t s  a r e  p l a c e d  on t h e  d e t e r m i n i s t i c  model o f  t h e  c o n t r o l l e r .  
Only by o b t a i n i n p  t h e  ensemble  a v e r a g e  o f  r e s p o n s e  waveforms 
e l i c i t e d  b y  a  p a r t i c u l a r  i n p u t  waveform c a n  t h e  d e t e r m i n i s t i c  
and remnant  c o ~ p o n e n t s  b e  s e p a r a t e d .  Such a  t e c h n i q u e  h a s  b e e n  
used by  T a y l o r  (Ref. 31)  t o  d i s t i n g u i s h  n o n l i n e a r  ( o r  t i m e -  
v a r y i n g )  components  o f  t h e  p i l o t ' s  o u t p u t  f rom t h e  s t o c h a s t i c  
component. Because  o f  t h e  l i m i t a t i o n s  o f  o u r  d a t a  b a s e ,  however ,  
which c o n t a i n s  o n l y  two o r  t h r e e  r u n s  p e r  s u b j e c t  p e r  e x p e r i -  
m e n t a l  c o n d i t i o n ,  we have  had t o  f o r e g o  a v e r a g e  r e s p o n s e  t e c h -  
n i q u e s  and  i n s t e a d  a d o p t  a  more c o n v e n t i o n a l  d e f i n i t i o n  o f  con- 
t r o l l e r  remnant  which  a l l o w s  t h e  e s t i m a t i o n  o f  remnant  s t a t i s -  
t i c s  f rom a s i n p l e  e x p e r i m e n t a l  t r i a l .  
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. - I n  most manual c o n t r o l  s t u d i e s  
t h e  human c o n t r o l l e r  h a s  b e e n  r e p r e s e n t e d  by  a  l i n e a r  t ime-  
i n v a r i a n t  model,  a  d e s c r i b i n g  f u n c t i o n ,  and  t h e  remnant  h a s  b e e n  
t a k e n  t o  b e  t h e  p o r t i o n  o f  t h e  c o n t r o l l e r l s  o u t p u t  n o t  a c c o u n t e d  
f o r  by t h i s  model ( R e f s .  1 - 4  ). The r a t i o n a l e  b e h i n d  t h i s  
a p p r o a c h  i s  t h a t  t h e  d e s c r i b i n g  f u n c t i o n  a c c o u n t s  f o r  a l l  b u t  an  
i n s i g n i f i c a n t  p o r t i o n  o f  t h e  d e t e r m i n i s t i c  component o f  c o n t r o l  
b e h a v i o r .  The remnant  t h e n  r e p r e s e n t s  e s s e n t i a l l y  t h e  s t o c h a s t i c  
component o f  t h e  c o n t r o l l e r ' s  o u t p u t .  
Because  o f  t h e  l i m i t a t i o n s  o f  o u r  d a t a  b a s e ,  we s h a l l  a d o p t  
t h i s  q u a s i - l i n e a r  d e f i n i t i o n  o f  r e n n a n t  f o r  t h e  r e m a i n d e r  o f  t h i s  
r e p o r t ,  However, we f e e l  t h a t  t h e  remnant  measurements  a n a l y z e d  
i n  t h i s  work a r e  c l o s e  a p p r o x i m a t i o n s  t o  t h e  c o n t r o l l e r  remnant  
as d e f i n e d  i n  t h e  more g e n e r a l  s e n s e ,  s i n c e  t h e  e x p e r i m e n t a l  con- 
d i t i o n s  t h a t  y i e l d e d  t h i s  body o f  d a t a  were  d e s i g n e d  t o  min imize  
n o n - l i n e a r i t i e s  and c o n s i s t e n t  t i m e - v a r i a t i o n s  i n  t h e  c o n t r o l l e r ' s  
s t r a t e g y  (Ref .  1). 
T h e r e  a r e  two ways i n  which  t o  view t h e  remnant  i n  t h e  
q u a s i l i n e a r  c o n t e x t .  One approach  i s  t o  c o n s i d e r  t h e  remnant  as 
t h e  p o r t i o n  o f  t h e  c o n t r o l l e r ' s  r e s p o n s e  t h a t  i s  n o t  
r e l a t e d  t o  t h e  p e r c e i v e d  s y s t e m  e r r o r  by t h e  c o n t r o l l e r ' s  de- 
s c r i b i n g  f u n c t i o n .  T h i s  concep t  o f  remnant  i s  o f t e n  r e f e r r e d  t o  
a s  t h e  "open-loop remnant , "  s i n c e  i t  i s  d e r i v e d  from a model o f  
t h e  c o n t r o l l e r  a l o n e .  T h i s  c o n c e p t  i s  p a r t i c u l a r l y  u s e f u l  f o r  
b u i l d i n g  t h e o r e t i c a l  models o f  c o n t r o l l e r  remnant ,  b u t  t h e  d i s -  
t i n c t i o n  be tween  remnant  and  i n p u t - r e l a t e d  s i g n a l  components  i s  
o f t e n  d i f f i c u l t  when t h e r e  i s  a  r e l a t i v e l y  l a r g e  amount o f  
remnant - induced  power c i r c u l a t i n g  a r o u n d  t h e  c o n t r o l  l o o p .  
Some i n v e s t i g a t o r s  ( R e f . l , 4 ) h a v e  found  t h a t  b e t t e r  e s t i m a t e s  can  
b e  o b t a i n e d  o f  t h e  " c l o s e d - l o o p  r emnan t , "  which i s  d e f i n e d  as t h e  
p o r t i o n  o f  t h e  c o n t r o l l e r l s  r e s p o n s e  n o t  r e l a t e d  t o  t h e  s y s t e m  
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f o r c i n g  f u n c t i o n .  S i n c e  t h e  d e t e r m i n i s t i c  component of t h e  con- 
t r o l l e r ' s  s t r a t e g y  i s  c o n s i d e r e d  t o  be  l i n e a r  and t i m e - i n v a r i a n t ,  
t h e  open-loop and c losed- loop  remnant s p e c t r a  a r e  r e l a t e d  by t h e  
l i n e a r  t r a n s f o r m a t i o n  
where Qrr ( w )  r e p r e s e n t s  t h e  open-loop remnant spect rum,  QU, ( w )  
u r 
t h e  c losed- loop  spec t rum,  H(u) t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n ,  
and V(u) t h e  v e h i c l e  dynamics. Both concep t s  of  remnant a r e  used  
i n  t h i s  p a p e r .  
C u r r e n t  Knowledge o f  Human C o n t r o l l e r  Remnant 
The remnant o f t e n  c o n s t i t u t e s  a s i g n i f i c a n t  p o r t i o n  o f  t h e  
human c o n t r o l l e r ' s  r e s p o n s e  and u n d e r s t a n d i n g  remnant i s ,  t h e r e f o r e ,  
of c o n s i d e r a b l e  impor tance  i n  p r o v i d i n g  a n  adequa te  d e s c r i p t i o n  o f  
c o n t r o l l e r  b e h a v i o r .  N e v e r t h e l e s s ,  t h e r e  i s  f a r  l e s s  remnant d a t a  
t h a n  d e s c r i b i n g  f u n c t i o n  d a t a  e x t a n t  i n  t h e  l i t e r a t u r e .  Moreover,  
much of  t h e  remnant d a t a  t h a t  does  e x i s t  i s  of  q u e s t i o n a b l e  a c c u r a c y .  
The  most e x t e n s i v e ,  and p robab ly  most r e l i a b l e ,  remnant d a t a  have 
been p r e s e n t e d  b y  E lk ind  (2), McRuer and Krendel  ( 3 ) ,  and McRuer, 
e t  a 1  ( 4 ) .  Levison and E lk ind  (1) have  a l s o  c o l l e c t e d  s i g n i f i c a n t  
remnant d a t a ,  much of which a r e  p r e s e n t e d  e l sewhere  i n  t h i s  r e p o r t .  
With r e g a r d  t o  a n a l y z i n g  remnant d a t a ,  t h e  work of  McRuer and 
h i s  c o l l e g u e s  was, by f a r ,  t h e  most s i g n i f i c a n t .  I n  two c l a s s i c  
r e p o r t s ,  i n  1957 and 1965,  they  ana lyzed  t h e i r  own remnant d a t a ,  
a s  w e l l  a s  t h o s e  of  o t h e r  i n v e s t i g a t o r s  ( i n c l u d i n g  E l k i n d )  i n  con- 
s i d e r a b l e  d e t a i l .  Although t h e r e  has  been some a t t e n t i o n  g i v e n  t o  
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remnant s i n c e  1965, t h e s e  two r e p o r t s  a r e  s t i l l  t h e  only  p u b l i s h e d  
in -dep th  s t u d i e s  of remnant .  A s  such they  may be  c o n s i d e r e d  as 
d e f i n i t i v e  of t h e  s t a t e  of knowledge concern ing  remnant p r i o r  t o  
t h e  work performed under t h i s  c o n t r a c t .  Consequent ly ,  we s h a l l  
d e v o t e  most of t h i s  s e c t i o n  t o  a  d i s c u s s i o n  o f  t h e  c o n t e n t  and con- 
* 
elusions, concern ing  remnant ,  of  t h e s e  two r e p o r t s .  I n  1957 McRuer 
** 
and Krendel  ana lyzed  t h e  remnant d a t a  of  s e v e r a l  i n v e s t i g a t o r s  
and a t t e m p t e d  t o  e x p l a i n  t h e  remnant i n  terms of d i s t i n c t  s o u r c e s  
each r e s u l t i n g  i n  e q u i v a l e n t  o p e r a t o r  o u t p u t  power. These d a t a  
covered  a  wide r a n g e  of  f o r c i n g  f u n c t i o n s  and a  number o f  c o n t r o l l e d  
e lements  of  v a r y i n g  d e g r e e s  of  complexj-ty.  
McRuer and Krendel  f i r s t  s u g g e s t e d  t h a t  t h e  c losed- loop  remnant 
cou ld  r e s u l t  from t h e  f o l l o w i n g  s o u r c e s :  
( a )  O p e r a t o r ' s  Response t o  Other  I n p u t s ,  
( b  ) Nonl inear  T r a n s f e r  Behav io r ,  
( c )  I n j e c t i o n  of  Noise i n t o  t h e  Loop. 
( d )  Nonsteady Behavior  of t h e  Opera to r .  
S i n c e  c a r e f u l  e x p e r i m e n t a l  p r o c e d u r e s  make i t  h i g h l y  u n l i k e l y  
t h a t  t h e r e  w i l l  b e  e x t r a n e o u s  i n p u t s  f o r  t h e  o p e r a t o r  t o  respond t o ,  
they  d i d  n o t  c o n s i d e r  i t e m  ( a )  a s  a  s o u r c e  of  remnant i n  t h e i r  an- 
a l y s i s  o f  t h e  d a t a .  I n  a d d i t i o n ,  on t h e  b a s i s  of E l k i n d ' s  d a t a ,  
which i n d i c a t e d  t h a t  s e r i e s  n o n l i n e a r  e f f e c t s  were minor,and i n  t h e  
d e s i r e  t o  p r e s e r v e  a  b a s i c a l l y  l i n e a r  d e s c r i p t i o n  of  t h e  o p e r a t o r ,  
they  d i d  n o t  c o n s i d e r  such n o n l i n e a r i t i e s  a s  a  s o u r c e  o f  remnant .  
They d i d ,  however, c o n s i d e r  a  p a r a l l e l  n o n l i n e a r i t y ,  based  on t h e  
Goodyear n o n l i n e a r  model o f  t h e  human o p e r a t o r ,  a s  a p o t e n t i a l  s o u r c e  
o f  remnant.  
Y 
The r e p o r t s  d e a l  w i t h  t h e  g e n e r a l  s u b j e c t  of  q u a s i - l i n e a r  models 
of  t h e  human o p e r a t o r  and n o t  j u s t  remnant .  
+* 
I n  p a r t i c u l a r ,  they  examined t h e  d a t a  of Elkind ( 2 ) ,  R u s s e l l  ( 5 ) ,  
T u s t i n  ( 6 ) ,  Goodyear ( 7 ) ,  i n  a d d i t i o n  t o  d a t a  t h e y  o b t a i n e d  on t h e  
F r a n k l i n  I n s t i t u t e  F-80-A S i m u l a t o r .  
Repor t  No. 1 7 3 1  B o l t  Reranek and Newman I n c  
I n  a n a l y z i n g  t h e  remnant  d a t a ,  McRuer and  Krende l  f i r s t  as- 
sumed t h a t  t h e  remnant  was due  s o l e l y  t o  t h e  p a r t i c u l a r  s o u r c e  
t h e y  were  examining .  To q u o t e ,  " S i n c e  we have  no way o f  knowing 
which  s o u r c e  i s  dominant  o u r  o n l y  r e c o u r s e  i s  t o  l o o k  a t  each  s e p a -  
r a t e l y  a n d  assume t h a t  - a l l  o f  t h e  remnant  i s  due  s o l e l y  t o  t h a t  
p a r t i c u l a r  s o u r c e .  We a r e  n o t  i n  any way i m p l y i n g  t h a t  s u c h  a n  a l l  
o r  none e x p l a n a t i o n  n e c e s s a r i l y  p r e v a i l s ,  b u t  w e  u s e  t h i s  a p p r o a c h  
s i n c e  any t h e o r y  b a s e d  on a m i x t u r e  o f  e f f e c t s  l e a d s  t o  h y p o t h e s e s  
* 
f o r  which w e  may h a v e  no e x p e r i m e n t a l  check . "  Once h a v i n g  made 
t h i s  a s s u m p t i o n ,  McRuer and  Krende l  t r y  t o  f i t  t h e  remnant  d a t a  
w i t h  a n a l y t i c  c u r v e s  which a re  t h e n  i n t e r p r e t e d  i n  t e r m s  o f  t h e  
p a r t i c u l a r  remnant  s o u r c e  b e i n g  c o n s i d e r e d .  
B e f o r e  p r e s e n t i n g  t h e  c o n c l u s i o n s  o f  t h e i r  a n a l y s e s  l e t  u s  ex- 
amine a n  i n t e r m e d i a t e  f i n d i n g  which i s  o f  some i n t e r e s t  and  rele-  
vance  t o  o u r  work.  I n  examining  t h e  h y p o t h e s i s  t h a t  remnant  was d u e  
t o  n o i s e  i n j e c t e d  i n t o  t h e  l o o p ,  McRuer and  Krende l  c o n s i d e r e d  t h e  
o p e r a t o r  as a  s i n g l e  i n p u t ,  s i n g l e  o u t p u t  s y s t e m .  They t h e n  con- 
v e r t e d  t h e  c l o s e d - l o o p  remnant  s p e c t r u m ,  @ , t o  e q u i v a l e n t  open- 
uu, 
l o o p  s p e c t r a  @ and  Qrr i n j e c t e d  a t  t h e  i h p u t  and  o u t p u t  term- 
rr 
X u * W i n a l s  o f  t h e  o p e r a t o r ,  r e s p e c t i v e l y .  I n  a n a l y z i n g  E l k i n d 1 s  d a t a  
and t h e  F r a n k l i n  I n s t i t u t e  d a t a  t h e y  found  t h a t  no s i m p l e  s p e c t r a l  
form f i t  a l l  t h e  d a t a  w e l l ,  b u t  t h e  Qrr d a t a  ( i , e . ,  n o i s e  i n j e c t e d  
u 
a t  t h e  o u t p u t ) ,  were  somewhat more o r d e r l y .  They d i d  f i n d  from 
E l k i n d ' s  d a t a ,  however ,  t h a t  f o r  r e c t a n g u l a r  f o r c i n g  f u n c t i o n s  of 
1, 1 . 5 ,  2 . 5  and  4 r a d i a n / s e c  bandwid th  and  K dynamics ,  t h e  @ 
rr-- A 
c u r v e s  were  b e s t  f i t t e d  by a h o r i z o n t a l  s t r a i g h t  l i n e  ( w h i t e  n o i s e )  
a t  -18 dB - a f i n d i n g  which i s  most  i n t e r e s t i n g  i n  view o f  t h e  re- 
s u l t s  p r e s e n t e d  l a t e r  i n  t h i s  r e p o r t .  
T h i s  s t a t e m e n t  i s  p a r t i c u l a r l y  p e r t i n e n t  i n  l i g h t  o f  o u r  a n a l y s i s  
( S e e  C h a p t e r s  I11 and I V ) ,  
* *  
I n  o r d e r  t h a t  t h e  r e a d e r  need n o t  b e  c o n f r o n t e d  w i t h  more t h a n  one 
sys t em o f  n o t a t i o n ,  a l l  m a t h e m a t i c a l  e x p r e s s i o n s  r e f e r e n c e d  i n  t h i s  
c h a p t e r  a r e  shown i n  t h e  n o t a t , i o n  a d o p t e d  t h r o u g h o u t  t h e  r e m a i n d e r  
o f  t h i s  r e p o r t .  12 
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A f t e r  a n a l y z i n g  a l l  t h e  aforement ioned d a t a ,  McRuer and  
Krendel  concluded t h a t  t h e r e  was l i t t l e  t o  choose between t h e  t h r e e  
s t u d i e d  s o u r c e s  of remnant i n  te rms of  t h e  e x i s t i n g  remnant d a t a , b u t  
they  expressed  t h e  f o l l o w i n g  o p i n i o n s  i n  te rms o f  p i l o t  models :  
"1. The nonsteady model i s  b e s t  from t h e  p o i n t  of  view 
t h a t  t h e  c u r v e  f i t s  upon which i t  i s  based  were t h e  most 
adequa te  ones made; 
2 .  The n o i s e  i n j e c t i o n  model i s  b e s t  from t h e  s t a n d p o i n t  
o f  s i m p l i c i t y  i n  u s i n g  t h e  h y p o t h e t i c a l  d e s c r i b i n g  f u n c t i o n  
d a t a  f o r  sys tem s t a b i l i t y  p r e d i c t i o n s  and g e n e r a l  s e r v o  an- 
a l y s i s ;  
3. The p a r a l l e l  s g n  f u n c t i o n ,  o r  p e r f e c t  r e l a y ,  model i s  
b e s t  from t h e  v iewpoin t  o f  poin t -by-point  p r e d i c t i o n  o f  t h e  
o p e r a t o r ' s  o u t p u t  and i n  c r e a t i n g  a n  i n t u i t i v e  p h y s i c a l  view 
o f  t h e  o p e r a t o r ' s  a c t i o n s .  
Because of  t h e  approximate  e q u i v a l e n c e  of  t h e  t h r e e  models ,  
a s  r e g a r d s  t h e i r  m a n i f e s t  e f f e c t s  i n  t h e  d a t a ,  and t h e  p o i n t s  
enumerated above,  we f e e l  t h a t  t h e  e c l e c t i c  view i s  t h e  most 
p r a c t i c a l  a t  t h i s  s t a g e .  By a c c e p t i n g  t h i s  v i e w p o i n t ,  t h e  
c h o i c e  of  remnant model can  b e  l e f t  t o  t h e  e n g i n e e r  o r  psych- 
o l o g i s t  a n a l y z i n g  a p a r t i c u l a r  problem, The model can  t h e n  
be s e l e c t e d  on t h e  b a s i s  o f  convenience  f o r  t h e  p a r t i c u l a r  job  
a t  hand.  O f  c o u r s e ,  due c a u t i o n  and r e s t r a i n t  shou ld  b e  used 
i n  no t  exceed ing  t h e  bounds imposed by t h e  e x p e r i m e n t a l  condi-  
t i o n s  f o r  which t h e  models were o r i g i n a l l y  d e r i v e d .  An e x p e r i -  
m e n t e r ' s  i n g e n u i t y  would b e  c h a l l e n g e d  i n  d e s i g n i n g  a p p r o p r i a t e  
exper iments  t o  choose between t h e  p o s s i b l e  remnant models .  The 
nonsteady model i s  most amenable t o  e x p e r i m e n t a l  s t u d y . "  
A s  no ted  b e f o r e ,  t h e  remnant d a t a  upon which t h e  1957 r e p o r t  
was based  were n o t  e n t i r e l y  r e l i a b l e .  Moreover, t h e r e  were gaps  i n  
t h e  e x i s t i n g  d a t a  which made i t  even more d i f f i c u l t  t o  u n d e r s t a n d  
t h e  n a t u r e  o f  remnant and i t s  dependence on v a r i o u s  e x p e r i m e n t a l  
p a r a m e t e r s .  I n  t h e i r  1965 r e p o r t  McRuer, e t  a 1  t r i e d  t o  remove some 
Repor t  No. 1731 B o l t  Beranek and TJewman I n c  
o f  t h e s e  d e f i c i e n c i e s ,  A key q u a n t i t y  i n  McRuer, e t  a l l s  measure- 
ment and a n a l y s i s  o f  remnant  was t h e  " c o r r e l a t i o n  c o e f f i c i e n t , "  p ,  
t h e  s q u a r e  of  which i s  t h e  r a t i o  o f  t h e  l i n e a r l y  c o r r e l a t e d  p i l o t -  
o u t p u t  power t o  t h e  t o t a l  p i l o t  o u t p u t  power.  T h i s  q u a n t i t y  i s  de- 
f i n e d  by t h e  e x p r e s s i o n  
where @ and Q u u  a r e  t h e  power s p e c t r a l  d e n s i t i e s  o f  t h e  c l o s e d -  
Uur 
loop  remnant  and t h e  t o t a l  o p e r a t o r  o u t p u t ,  r e s p e c t i v e l y .  The 
l i n e a r  c o r r e l a t i o n  can  a l s o  be  found from t h e  c r o s s c o r r e l a t i o n  
between t h e  f o r c i n g  f u n c t i o n  and o p e r a t o r  o u t p u t  s i n c e  
where Q i u  i s  t h e  a p p r o p r i a t e  c ross - spec t rum between i n p u t  and con- 
t r o l  and Oii i s  t h e  i n p u t  spec t rum.  Thus,  p can  b e  measured w i t h  
a s p e c t r a l  and c r o s s - s p e c t r a l  a n a l y z e r .  
McRuer, e t  a1 c l a i m  t h a t ,  when random a p p e a r i n g  sums o f  s i n u -  
s o i d s  a r e  used as f o r c i n g  f u n c t i o n s ,  t h e i r  measured v a l u e s  o f  p 
p r o v i d e  a basis  f o r  e s t i m a t i n g  t h e  d e g r e e  t h a t  t i m e  v a r i a t i o n s  i n  
t h e  humans d e s c r i b i n g  f u n c t i o n  c o n t r i b u t e  t o  t h e  remnant .  To be  
more p r e c i s e ,  we q u o t e  them: 
"For  o u r  e x p e r i m e n t s  p i s  found u s i n g  a n  a n a l y z e r  which 
mechanizes  s p e c t r a l  and c r o s s - s p e c t r a l  measurements u s i n g  
m u l t i p l i c a t i o n s  and ve ry  low p a s s  f i l t e r s .  If t h e  f o r c i n g  
f u n c t i o n  i s  a  sum o f  s i n u s o i d s ,  Bii w i l l  be  a  sum of d e l t a  
f u n c t i o n s  ( i . e , ,  a  s e r i e s  o f  l i n e  s p e c t r a  which e x i s t  on ly  
Repor t  No. 1731 B o l t  Beranek and Kewman I n c  
a t  t h e  f r e q u e n c i e s  of  t h e  i n d i v i d u a l  f o r c i n g  f u n c t i o n  s i n u -  
s o i d a l  components) .  Then, i n  g e n e r a l ,  t h e  o u t p u t ,  Q U U ,  w i l l  
be a  sum of  d e l t a  f u n c t i o n s  a t  t h e  same f r e q u e n c i e s  a s  t h o s e  
i n  C i i ,  p l u s  d e l t a  f u n c t i o n s  a t  o t h e r  d i s c r e t e  f r e q u e n c i e s  
( i f  n o n l i n e a r i t i e s  o r  c o n s t a n t  r a t e  sampling a r e  p r e s e n t ) ,  
p l u s  a  con t inuous  power s p e c t r a l  d e n s i t y  component r e p r e s e n t -  
i n g  random f l u c t u a t i o n s  i n  t h e  o u t p u t .  A t  t h e  f r e q u e n c i e s  
f o r  which t h e y  e x i s t  t h e  d e l t a  f u n c t i o n  components w i l l  gen- 
e r a l l y  overpower t h e  random component, and t h e  p measured a t  
f o r c i n g  f u n c t i o n  f r e q u e n c i e s  w i l l  g e n e r a l l y  be  1 . 0  u n l e s s  low 
f requency t i m e  v a r i a t i o n s  i n  H r e s u l t  i n  a d d i t i o n a l  power 
w i t h i n  t h e  measurement f i l t e r  bandwidth.  I n  f a c t ,  p w i l l  be 
1 .0  even i n  t h e  p r e s e n c e  of  many k inds  of  sys tem n o n l i n e a r i -  
t i e s .  A t  o t h e r  f r e q u e n c i e s  p w i l l  be  undef ined s i n c e  Qii i s  
z e r o .  " 
The u s e  of random a p p e a r i n g  sums of s i n u s o i d s  a s  f o r c i n g  func-  
t i o n s  was a n  i m p o r t a n t  a s p e c t  of t h e i r  e x p e r i m e n t a l  program. T h i s  
k i n d  of f o r c i n g  f u n c t i o n  h e l p s  c l a r i f y  t h e  remnant p i c t u r e  cons id -  
e r a b l y  s i n c e  any o p e r a t o r  o u t p u t  power a t  o t h e r  t h a n  f o r c i n g  func-  
t i o n  f r e q u e n c i e s  must t h e n  b e ,  by d e f i n i t i o n ,  remnant ,  Thus, t h e  
c losed- loop  remnant can  be  measured d i r e c t l y  a t  o t h e r  t h a n  f o r c i n g  
f u n c t i o n  f r e q u e n c i e s  by d e t e r m i n i n g  Q U u .  McRuer, e t  a 1  were a l s o  a b l e  
t o  e s t i m a t e  approximate ly  t h e  remnant a t  f o r c i n g  f u n c t i o n  f r e q u e n c i e s  
by u s i n g  measurements of  p and QUU.  They found on t h e  b a s i s  o f  t h e i r  
measurements t h a t  t h e  remnant had an  e s s e n t i a l l y  con t inuous  spec t rum 
( i . e . ,  s i g n i f i c a n t  l i n e  s p e c t r a  were a b s e n t ) .  
An e x t e n s i v e  e x p e r i m e n t a l  program was conducted c o v e r i n g  a  num- 
b e r  o f  f o r c i n g  f u n c t i o n  a m p l i t u d e s  and bandwidths and a v a r i e t y  o f  
c o n t r o l l e d  element  dynamics. L i n e a r  c o r r e l a t i o n  c o e f f i c i e n t s  and 
remnant power s p e c t r a  were o b t a i n e d  f o r  t h e  v a r i o u s  c o n d i t i o n s .  
The remnant s p e c t r a  were p r e s e n t e d  a s  a n  e q u i v a l e n t  i n j e c t e d  n o i s e  
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on t h e  o p e r a t o r ' s  i n p u t  ( i . e , ,  added t o  t h e  sys t em e r r o r ) ,  normal- 
i z e d  w i t h  r e s p e c t  t o  mean-squared i n p u t ,  b e c a u s e  t h e y  found t h a t  
" t h e  h i g h e s t  d e g r e e  o f  s i m i l a r i t y  among remnan t s  f o r  t h e  ... 
[ e x p e r i m e n t a l  c o n d i t i o n s  a n a l y z e d ]  ... e x i s t s  i f  t h e  remnant i s  
viewed as a n  open-loop q u a n t i t y  i n j e c t e d  a t  t h e  o p e r a t o r ' s  i n p u t . "  
T h i s  i m p o r t a n t  f i n d i n g  was c o n t r a r y  t o  t h e  c o n c l u s i o n  o f  t h e  1957 
r e p o r t  which s t a t e d  t h a t  t h e  d a t a  was most o r d e r l y  when r e f e r r e d  
t o  t h e  o p e r a t o r ' s  o u t p u t .  
I n  a d d i t i o n  t o  t h e  l i n e a r  c o r r e l a t i o n  and  remnant  s p e c t r a  d a t a ,  
McRuer, e t  a1  a n a l y z e d  a m p l i t u d e  d i s t r i b u t i o n s  o f  t h e  p i l o t ' s  i n p u t  
( t h e  sys t em e r r o r )  and  o u t p u t  and s e l e c t e d  power s p e c t r a l  d e n s i t i e s  
o f  h i s  o u t p u t .  S i n c e  t h e  i n p u t  t h e y  used had a n e a r l y  G a u s s i a n  
d i s t r i b u t i o n ,  any d e v i a t i o n s  from G a u s s i a n e s s  i n  t h e  e r r o r  o r  con- 
t r o l  o u t p u t  d i s t r i b u t i o n s  c o u l d  b e  t a k e n  as a n  i n d i c a t i o n  t h a t  non- 
l i n e a r  b e h a v i o r  c o u l d  a c c o u n t  f o r  t h e  remnant .  Examinat ion  o f  t h e  
o u t p u t  spec t rum c o u l d  a l s o  r e v e a l  n o n l i n e a r  b e h a v i o r  as w e l l  as 
p e r i o d i c  sampl ing  i f  e i t h e r  e x i s t e d .  
On t h e  b a s i s  of t h e  a n a l y s e s  i n d i c a t e d  above ,  McRuer, e t  a1 
a r r i v e d  a t  s i x  c o n c l u s i o n s  which r e p r e s e n t e d  t h e  " s t a t u s  o f  Remnant 
Data" c i r c a  1965. We p r e s e n t  t h e s e  c o n c l u s i o n s  a l o n g  w i t h  o u r  com- 
men t s ,  as t h e y  seem a p p r o p r i a t e ,  below. 
"1. Values o f  t h e  remnant computed a t  t h e  f o r c i n g  f u n c t i o n  
f r e q u e n c i e s  g e n e r a l l y  f i t  a smooth c u r v e  t h r o u g h  v a l u e s  mea- 
s u r e d  be tween a n d  above f o r c i n g  f u n c t i o n  f r e q u e n c i e s .  T h i s  
i n d i c a t e s  t h a t  t h e  power s p e c t r a l  d e n s i t y  o f  t h e  remnant I s  
g e n e r a l l y  c o n t i n u o u s  and t h a t  l i n e  s p e c t r a  i n d i c a t i n g  p e r i -  
o d i c i t i e s  a r e  a b s e n t . "  
T h i s  c o n c l u s i o n  i s  d i f f i c u l t  t o  p r o v e .  We have  shown (Appen- 
d i x  A )  t h a t  i f  t h e  remnant  i s  g e n e r a t e d  by t h e  m u l t i p l i c a t i v e  pro-  
c e s s  d e s c r i b e d  i n  C h a p t e r  I11 t h e r e  w i l l  b e  a " s p i k e s '  super imposed  
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on t h e  remnant spect rum a t  f o r c i n g  f u n c t i o n  f r e q u e n c i e s .  T h i s  
" s p i k e "  would, o f  c o u r s e ,  b e  i n d i s t i n g u i s h a b l e  from t h e  inpu t -cor -  
r e l a t e d  p a r t  o f  t h e  o p e r a t o r ' s  o u t p u t  spect rum and canno t  be  de- 
t e c t e d  by e x i s t i n g  measurement t e c h n i q u e s .  F o r t u n a t e l y ,  w e  e x p e c t  
t h a t  t h e  s p i k e  r e p r e s e n t s  a  s m a l l  p o r t i o n  of t h e  t o t a l  remnant 
power a t  i n p u t  f r e q u e n c i e s  and c a n ,  c o n s e q u e n t l y ,  be n e g l e c t e d .  
T h i s  i s ,  indeed ,  t h e  assumpt ion  we make i n  our  remnant measurement 
p rocedure .  
2  A t  ve ry  low f r e q u e n c i e s  t h e  remnant d a t a  f o r  a  wide  
v a r i e t y  o f  c o n t r o l l e d  e lements  c o a l e s c e  b e s t  when a l l  t h e  
remnant i s  r e f l e c t e d  t o  t h e  p i l o t ' s  i n p u t . "  
We s h a l l  s e e  t h a t  t h i s  c o n c l u s i o n  can  b e  extended t o  c o v e r  
t h e  e n t i r e  measurement f requency r a n g e ,  i f  t h e  remnant i s  appro-  
p r i a t e l y  normal ized  and i f  t h e  e x p r e s s i o n  " p i l o t ' s  i n p u t "  i s  i n -  
t e r p r e t e d  p r o p e r l y .  
"3. Remnant i n c r e a s e s  w i t h  c o n t r o l l e d  element  g a i n ,  w i t h  
f o r c i n g  f u n c t i o n  bandwidth,  and w i t h  c o n t r o l  o r d e r ,  F o r  
ext reme c o n t r o l l e d  element  forms such a s  Yc  = Kc/ jw(jwl .5)  
t h e  remnant i n c r e a s e s  g r e a t l y ,  p r i m a r i l y  because  of  t h e  
p i l o t ' s  t ime-varying b e h a v i o r  induced by h i s  a t t e m p t s  t o  
r e t a i n  c o n t r o l  over  t h i s  d r a s t i c a l l y  u n s t a b l e  c o n t r o l l e d  
e lement .  " 
The f i r s t  p a r t  of t h i s  c o n c l u s i o n  must b e  somewhat tempered 
i n  l i g h t  of t h e  McRuer, e t  a 1  d a t a  and t h e i r  o t h e r  s t a t e m e n t s  i n  
t h e  main body o f  t h e  r e p o r t ,  S p e c i f i c a l l y ,  t h e y  s t a t e d :  "remnant 
i n c r e a s e s  w i t h  c o n t r o l l e d  element  g a i n ,  b u t  t h e  v a r i a t i o n  i s  n o t  
as ext reme a s  t h a t  o f  t h e  g a i n " ;  " t h e  d a t a  examined i n d i c a t e  t h a t  
t h e  e f f e c t  o f  f o r c i n g  f u n c t i o n  bandwidth on t h e  remnant c a n  va ry  
from minor t o  none"; and "it i s  s e e n  t h a t  t h e  major e f f e c t  o f  v a r i -  
a t i o n  i n  t h e  remnant i s  a s  much i n t e r s u b j e c t  a s  i n t e r - c o n t r o l l e d  
e lement .  " The c o n c l u s i o n s  concern ing  t h e  u n s t a b l e  c o n t r o l l e d  
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e l e m e n t  a r e  a p p a r e n t l y  b a s e d  on small measured  l i n e a r  c o r r e l a t i o n  
c o e f f i c i e n t s  and  on r u n - t o - r u n  v a r i a b i l i t y  i n  t h e  p i l o t ' s  d e s c r i b -  
i n g  f u n c t i o n  ( i n  p a r t i c u l a r ,  t h e  p h a s e  a n g l e )  f o r  t h i s  c a s e .  We 
w i l l  h ave  more t o  s a y  a b o u t  small v a l u e s  o f  p as a n  i n d i c a t i o n  o f  
t i m e  v a r i a b i l i t y  a l i t t l e  l a t e r .  I t  s h o u l d  b e  n o t e d  t h a t  t h e  
a f o r e m e n t i o n e d  r u n - t o - r u n  v a r i a b i l i t y  i n  t h e  d e s c r i b i n g  f u n c t i o n  
i s  d e m o n s t r a t e d  f o r  a s i n g l e  p i l o t .  Moreover ,  s i n c e  t h e  remnant  
i s  a l a r g e  p o r t i o n  o f  t h e  o u t p u t  i n  t h i s  c a s e ,  t h e  d e s c r i b i n g  
f u n c t i o n  measu remen t s ,  p a r t i c u l a r l y  a t  h i g h  a n d  low f r e q u e n c i e s ,  
a r e  somewhat s u s p e c t .  
We a g r e e  t h a t ,  i n  g e n e r a l ,  as t h e  t a s k  becomes more complex ,  
t h e  r emnan t ,  when n o r m a l i z e d  w i t h  r e s p e c t  t o  mean-squared i n p u t ,  
w i l l  i n c r e a s e .  However, we s h a l l  see t h a t  a  d i f f e r e n t  n o r m a l i z a -  
t i o n  removes t h i s  t r e n d .  
4 .  Some e v i d e n c e  f o r  p u l s i n g  b e h a v i o r  i n  c o n t r o l  o f  s econd-  
o r d e r  c o n t r o l l e d  e l e m e n t s  i s  p r e s e n t  f rom o u t p u t  a m p l i t u d e  
d i s t r i b u t i o n s .  These  i n d i c a t e  a t e n d e n c y  f o r  t h e  p i l o t ' s  
o u t p u t  t o  b e  p u l s e  areas r o u g h l y  p r o p o r t i o n a l  t o  t h e  s t i m u -  
l u s  a m p l i t u d e . "  
It  s h o u l d  b e  n o t e d  t h a t  n o t  a l l  p i l o t ' s  seem t o  a d o p t  t h e  
p u l s i n g  s t r a t e g y .  I n  a d d i t i o n ,  McRuer, e t  a 1  s t a t e  t h a t  " t h i s  d o e s  
n o t  a p p e a r  t o  r e s u l t  i n  a  s u b s t a n t i a l  remnant  r e l a t i v e  t o  o t h e r  
s o u r c e s .  
" 5 .  C a r e f u l  e x a m i n a t i o n  o f  t h e  o u t p u t  power s p e c t r a l  d e n s i t y  
i n d i c a t e d  no e v i d e n c e  f o r  p e r i o d i c  s a m p l i n g  o r  s i g n i f i c a n t  
n o n l i n e a r  b e h a v i o r .  " 
I n  a  r e c e n t  r e v i e w ,  McRuer and J e x  (8), i n d i c a t e  t h a t  t h e y  
have  r e c e n t l y  re -examined  t h e  d a t a  o v e r  s h o r t e r  i n t e r v a l s  (as s h o r t  
as 20  s e c . )  and  r e a c h e d  t h e  same c o n c l u s i o n .  They a l s o  n o t e  t h a t  
random o r  o t h e r  n o n p e r i o d i c  s a m p l i n g  b e h a v i o r  i s  n o t  r u l e d  o u t  as a 
Repor t  No. 1731 B o l t  Reranek and Newman I n c  
s o u r c e  of  remnant .  Bekey ( 9 )  has  shown t h a t  random sampl ing  would 
r e s u l t  i n  con t inuous  remnant s p e c t r a ,  
" 6 ,  P a r t l y  by p r o c e s s  of e l i m i n a t i o n  and p a r t l y  by d i r e c t  
e v i d e n c e ,  i t  a p p e a r s  t h a t  t h e  major  s o u r c e  o f  remnant i s  
n o n s t a t i o n a r y  p i l o t  b e h a v i o r ,  i . e . ,  t ime-vary ing  components 
i n  t h e  e f f e c t i v e  t i m e  d e l a y  and g a i n .  For  t h e  second-order  
c o n t r o l l e d  e lements  t h e  p u l s i n g  n a t u r e  of t h e  p i l o t ' s  o u t p u t  
c o n t r i b u t e s  a n  a d d i t i o n a l  remnant s o u r c e . "  
While we do n o t  n e c e s s a r i l y  d i s a g r e e  w i t h  t h i s  c o n c l u s i o n ,  w e  
8 
do n o t  f e e l  t h a t  t h e r e  i s  s u f f i c i e n t  ev idence  t o  s u p p o r t  i t ,  The 
c l a i m  t h a t ,  f o r  s i n u s o i d a l  i n p u t s ,  s m a l l  v a l u e s  o f  p i n d i c a t e  t i m e  
v a r i a t i o n s  i n  t h e  d e s c r i b i n g  f u n c t i o n  r e s t s  on t h e  assumpt ion  t h a t  
random f l u c t u a t i o n s  a r e  s m a l l  compared t o  t h e  c o r r e l a t e d  p a r t  o f  t h e  
o u t p u t .  T h i s ,  i t  seems t o  u s ,  amounts t o  assuming t h a t  t i m e  v a r i a -  
t i o n s  a r e  t h e  major  s o u r c e  of remnant r a t h e r  t h a n  p r o v i n g  such  is  
t h e  c a s e .  The q u e s t i o n  i s  whether  t h e  measurement p r o c e s s  can  d i s -  
t i n g u i s h  between i n j e c t e d  n o i s e  and t ime v a r i a t i o n s .  It would ap- 
p e a r  t h a t  if t h e  t ime  v a r i a t i o n s  were low-frequency i n  n a t u r e ,  t h e  
remnant spect rum would t e n d  t o  "bunch up1' a round t h e  f o r c i n g  func- 
t i o n  f r e q u e n c i e s .  I f ,  on t h e  o t h e r  hand,  t h e  t ime  v a r i a t i o n s  were  
wide-band t h e  spect rum would be i n d i s t i n g u i s h a b l e  from one produced 
by a n  a p p r o p r i a t e  i n j e c t e d  n o i s e .  I n  Appendix B a  remnant spect rum 
i s  a n a l y z e d  i n  g r e a t  d e t a i l  i n  a n  a t t e m p t  t o  d e t e c t  low f requency  
t i m e  v a r i a t i o n s .  We h e s i t a t e  t o  g e n e r a l i z e  on t h e  b a s i s  o f  one d a t a  
p o i n t ,  b u t  t h i s  spect rum shows no ev idence  of  t h e  "bunching up" t h a t  
would b e  i n d i c a t i v e  o f  low-frequency t ime  v a r i a t i o n  i n  t h e  d e s c r i b i n g  
f u n c t i o n ,  n o r  does  any o t h e r  d a t a  we a r e  aware o f .  
P
I n d e e d ,  f o r  f o v e a l  t r a c k i n g  w i t h  a  "good" d i s p l a y ,  we a r e  i n c l i n e d  
t o  a g r e e  t h a t  t h i s  i s  t h e  major  s o u r c e  o f  remnant .  
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Although t h e  c o n c l u s i o n s  p u t  f o r t h  by McRuer, e t  a1 a r e  some- 
what i n c o n s i s t e n t  as t o  whe the r  o r  n o t  c o n t r o l l e r  remnant i s  s e n s i -  
t i v e  t o  v a r i o u s  c o n t r o l  sys t em p a r a m e t e r s ,  t h e r e  i s  o t h e r  e v i d e n c e  
i n  t h e  l i t e r a t u r e  t o  i n d i c a t e  t h a t  remnant ,  when p r o p e r l y  n o r m a l i z e d ,  
i s  r e l a t i v e l y  i n s e n s i t i v e  t o  some o f  t h e s e  e f f e c t s .  Pew, e t  a 1  
(Ref .  1 0 )  have compared remnant s p e c t r a  o b t a i n e d  i n  t h e i r  own ex- 
p e r i m e n t s  w i t h  t h o s e  p r e s e n t e d  by McRuer, e t  a l .  ( T h e i r  s u b j e c t s  
were p r o v i d e d  w i t h  p o s i t i o n a l  c o n t r o l  and were r e q u i r e d  t o  t r a c k  a 
d i s t u r b a n c e  c o n s i s t i n g  o f  a s i n g l e  s i n u s o i d . )  They found t h a t  t h e  
two s p e c t r a  had a n  a l m o s t  i d e n t i c a l  f u n c t i o n a l  r e l a t i o n s h i p  w i t h  
r e s p e c t  t o  measurement f r equency  up t o  abou t  10 r a d / s e c .  S i n c e  
t h e  i n p u t  s i g n a l s  used  by Pew, e t  a1 and McRuer, e t  a1 ( t h e  l a t t e r  
b e i n g  sums-o f - s inuso ids )  were g r o s s l y  d i f f e r e n t ,  t h i s  f i n d i n g  sup-  
g e s t s  t h a t  t h e  s h a p e  o f  t h e  remnant  spec t rum,  t h e n ,  seems t o  b e  
n e a r l y  i n v a r i a n t  w i t h  r e s p e c t  t o  t h e  n a t u r e  o f  t h e  i n p u t .  I n  a d d i -  
t i o n ,  Pew, e t  a1 r e p o r t e d  t h a t  remnant  was u n a f f e c t e d  by c o n t r o l  
g a i n  and  d i s p l a y  g a i n .  
Levison  and E l k i n d  ( R e f .  1) have r e p o r t e d  remnant r e s u l t s  
which s u g g e s t  t h a t  mean-squared sys t em e r r o r ,  r a t h e r  t h a n  mean- 
s q u a r e d  i n p u t ,  i s  a n  a p p r o p r i a t e  n o r m a l i z a t i o n  f a c t o r  f o r  t h e  i n -  
j e c t e d  n o i s e  p r o c e s s  Or, , They measured t h e  f r a c t i o n a l  remnant  
X 
power o b t a i n e d  i n  a s e r i e s  o f  s i n g l e - a x i s  expe r imen t s  i n  which t h e  
mean-squared i n p u t ,  t h e  i n p u t  bandwidth ,  and t h e  v e h i c l e  dynamics 
were v a r i e d ,  A d e f i n i t i o n  o f  " f r a c t i o n a l  remnant power" was g i v e n  
as t h e  f r a c t i o n  o f  sys t em e r r o r  power n o t  c o r r e l a t e d  w i t h  i n p u t  
f r e q u e n c i e s ,  T h i s  measure ,  t h e n ,  was e q u i v a l e n t  t o  t h e  i n t e g r a l  
o f  t h e  c l o s e d - l o o p  remnant  power (measured  a t  t h e  c o n t r o l l e r ' s  i n -  
p u t )  d i v i d e d  by t h e  t o t a l  e r r o r  power. 
Levison  and E l k i n d  found t h a t  t h e  f r a c t i o n a l  remnant power 
changed less t h a n  5% a s  t h e  i n p u t  bandwidth was i n c r e a s e d  from 0 . 5  
t o  2 . 0  r a d / s e c  ( w i t h  t h e  mean-squared i n p u t  c o n s t a n t ) ,  even  though 
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t h e  mean-squared t o t a l  e r r o r  i n c r e a s e d  f i v e - f o l d .  When t h e  i n p u t  
bandwidth was h e l d  c o n s t a n t  and t h e  mean-squared i n p u t  i n c r e a s e d  
f o u r - f o l d ,  t h e  f r a c t i o n a l  remnant power i n c r e a s e d  by on ly  5 p e r -  
c e n t a g e  p o i n t s  (from 0.16 t o  0 . 2 1 ) .  When t h e  v e h i c l e  dynamics were 
i n c r e a s e d  from f i r s t - o r d e r  t o  second-order ,  however,  a  s u b s t a n t i a l  
i n c r e a s e  (from 0 .23  t o  0 .46)  i n  f r a c t i o n a l  remnant power r e s u l t e d .  
T h i s  f i n d i n g  c o r r e l a t e s  w i t h  t h e  r e l a t i o n s h i p  between Qrr and con- 
X t r o l  o r d e r  r e p o r t e d  i n  Refe rence  4 .  
If one i n t e r p r e t s  t h e  t r e n d  o f  t h e  f r a c t i o n a l  remnant measure 
as i n d i c a t i v e  o f  t h e  b e h a v i o r  o f  t h e  open-loop i n j e c t e d  n o i s e  nor- 
ma l i zed  w i t h  r e s p e c t  t o  mean-sauared e r r o r ,  t h e n  i t  would a p p e a r  
t h a t  a  n o r m a l i z a t i o n  o f  t h i s  t y p e  w i l l  y i e l d  a n  i n j e c t e d  n o i s e  pro-  
c e s s  whose c h a r a c t e r i s t i c s  a r e  r e l a t i v e l y  i n v a r i a n t ,  a t  l e a s t  w i t h  
r e s p e c t  t o  t h e  c h a r a c t e r i s t i c s  o f  t h e  f o r c i n g  f u n c t i o n .  We s h o u l d  
e x p e c t ,  however,  on t h e  b a s i s  o f  t h e  r e s u l t s  r e p o r t e d  above,  t h a t  
t h e  normal ized  i n j e c t e d  n o i s e  spect rum w i l l  be  s t r o n g l y  dependent  
I 
on v e h i c l e  dynamics. 
The r e l a t i v e  i n v a r i a n c e  of t h e  f r a c t i o n a l  remnant power w i t h  
r e s p e c t  t o  i n p u t  power i n d i c a t e s  t h a t  t h e  a b s o l u t e  amount o f  remnant 
power s c a l e s  a l o n g  w i t h  t h e  o t h e r  s i g n a l s  c i r c u l a t i n g  t h r o u g h o u t  t h e  
sys tem.  Th i s  b e h a v i o r  s u g g e s t s  t h a t  c o n t r o l l e r  remnant i s  b a s i c a l l y  
m u l t i p l i c a t i v e  i n  i t s  o r i g i n  and i s  n o t  due t o  f i x e d  a d d i t i v e  n o i s e  
s o u r c e s  g e n e r a t e d  by t h e  c o n t r o l l e r .  
The Mature of  Human V a r i a b i l i t y  
I n  t h e  p r e c e d i n g  s e c t i o n  we reviewed t h e  i m p o r t a n t  l i t e r a t u r e  
r e l a t i n g  t o  human c o n t r o l l e r  remnant .  Although some i n v e s t i g a t o r s  
have s p e c u l a t e d  upon t h e  s o u r c e  o f  t h i s  remnant ,  i t  i s ,  n e v e r t h e l e s s ,  
Z 
We show l a t e r  i n  t h i s  r e p o r t  t h a t  such a  dependency can b e  e l i m i n a t e d  
by c o n s i d e r a t i o n  of  a  v e c t o r ,  r a t h e r  t h a n  s c a l a r ,  i n j e c t e d  n o i s e  
p r o c e s s .  
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e x t r e m e l y  d i f f i c u l t  t o  d i f f e r e n t i a t e  among s e v e r a l  p o t e n t i a l  
s o u r c e s  on t h e  b a s i s  o f  manual  c o n t r o l  d a t a  a l o n e .  The p r imary  
r e a s o n  f o r  t h i s  i s  t h a t  even  a  s i m p l e  manual  c o n t r o l  t a s k  r e q u i r e s  
t h e  human t o  p e r f o r m  s i m u l t a n e o u s l y  a number of component s u b t a s k s ,  
such  as: ( 1 )  e s t i m a t i o n  o f  t h e  magn i tude  o f  one o r  more s y s t e m  
v a r i a b l e s ,  ( 2 )  t r a n s f o r m a t i o n  o f  t h i s  i n f o r m a t i o n  i n t o  an  a p p r o p r i -  
a t e  c o n t r o l  s t r a t e g y ,  and ( 3 )  e x e c u t i o n  o f  a  motor  r e s p o n s e .  The 
s o u r c e s  o f  v a r i a b i l i t y  a s s o c i a t e d  w i t h  e a c h  o f  t h e s e  p r o c e s s e s  ap-  
p e a r  e s s e n t i a l l y  e q u i v a l e n t  from a  m a t h e m a t i c a l  po in t -o f -v i ew i n  
t e rms  o f  t h e i r  e f f e c t  on c o n t r o l l e r  b e h a v i o r ,  as we show i n  t h e  
n e x t  c h a p t e r .  
S i n c e  i t  a p p e a r s  t h a t  t h e  s o u r c e s  o f  remnant  c a n  b e  d i f f e r e n t i a t e d  
o n l y  t h r o u g h  s t u d i e s  d e s i g n e d  t o  i n v e s t i g a t e  them i n  n e a r - i s o l a t i o n ,  
we have  u n d e r t a k e n  a b r i e f  r e v i e w  o f  t h e  human r e s p o n s e  l i t e r a t u r e  
o u t s i d e  t h e  r e a l m  o f  manual c o n t r o l .  I n  p a r t i c u l a r ,  w e  have  examined 
t h e  r e s u l t s  o f  some p s y c h o p h y s i c a l  e x p e r i m e n t s  d e s i g n e d  t o  i n v e s t i -  
g a t e  t h e  a b i l i t y  o f  t h e  c o n t r o l l e r  t o  make p e r c e p t i o n s  o r  e x e c u t e  
r e s p o n s e s  of  t h e  t y p e  a p p r o p r i a t e  t o  t h e  manual  c o n t r o l  c o n t e x t .  
I d e a l l y ,  we s h o u l d  l i k e  t o  uncove r  d a t a  which a l l o w  c o m p u t a t i o n  
o f  t h e  s p e c t r a l  c h a r a c t e r i s t i c s  o f  t h e  v a r i a b i l i t y  a s s o c i a t e d  w i t h ,  
s a y ,  e s t i m a t i n g  t h e  p o s i t i o n  o f  a n  i n d i c a t o r ,  i n  a d d i t i o n  t o  t h e  
t ime-  ( o r  sample- )  domain s t a t i s t i c s  t h a t  are more r e a d i l y  a v a i l a b l e .  
Comparison o f  a n  o b s e r v a t i o n a l  n o i s e  s p e c t r u m  o b t a i n e d  from a  b a s i c  
p s y c h o p h y s i c a l  e x p e r i m e n t  w i t h  t h e  s p e c t r u m  o f  Qrr o b t a i n e d  from a  
X 
manual c o n t r o l  e x p e r i m e n t  would i n d i c a t e  t h e  r e l a t i v e  i m p o r t a n c e  o f  
o b s e r v a t i o n  n o i s e  i n  t h e  p r o d u c t i o n  o f  c o n t r o l l e r  r emnan t .  Unfo r tun -  
a t e l y ,  w e  have  been  u n a b l e  t o  f i n d  s u c h  d a t a  i n  t h e  l i t e r a t u r e .  The 
r e a s o n ,  we s u s p e c t ,  i s  t h a t  i t  i s  e x t r e m e l y  d i f f i c u l t  t o  d e s i g n  a 
m e a n i n g f u l  e x p e r i m e n t  which r e q u i r e s  t h e  o b s e r v e r  s o l e l y  t o  e s t i m a t e  
a s t i m u l u s  v a r i a b l e  i n  a  c o n t i n u o u s  manner .  I n  o r d e r  f o r  t h e  sub-  
j e c t  t o  i n f o r m  t h e  e x p e r i m e n t e r  o f  h i s  i n s t a n t a . n e o u s  e s t i m a t e ,  i t  i s  
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n e c e s s a r y  f o r  him t o  produce  a c o n t i n u o u s  c o r r e s p o n d i n g  o u t p u t  
v a r i a b l e  (as he  does  when t r a c k i n g ) .  But s i n c e  s t i m u l u s  e s t i m a -  
t i o n ,  o u t p u t  p r o d u c t i o n ,  and i n p u t - o u t p u t  t r a n s f o r m a t i o n  a r e  i n -  
vo lved  i n  t h i s  s i t u a t i o n ,  a n  expe r imen t  o f  t h i s  t y p e  f a i l s  o u r  ob- 
j e c t i v e  o f  i n v e s t i g a t i n g  on ly  one o f  t h o s e  p r o c e s s e s .  
The r e s u l t s  r ev iewed  i n  t h i s  s e c t i o n ,  t h e n ,  a r e  conce rned  p r i -  
m a r i l y  w i t h  sample-domain s t a t i s t i c s  such  a s :  (1) t h e  s t a n d a r d  
d e v i a t i o n  i n  t h e  e s t i m a t e  o f  a g i v e n  s t i m u l o u s  magni tude ,  and  
( 2 )  t h e  minimum r e s o l v a b l e  s t i m u l o u s  d i f f e r e n c e .  These ~ e a s u r e s  , 
though l i m i t e d  i n  t h e i r  s c o p e ,  a r e  n e v e r t h e l e s s  u s e f u l ,  b e c a u s e  
t h e y  p r o v i d e  a means o f  t e s t i n g  models  o f  human randomness whi-ch 
may b e  i n f e r r e d  from t h e  e x i s t i n g  remnant d a t a .  
We have s e e n ,  f o r  example,  t h a t  r e r n ~ a n t  power t e n d s  t o  s c a l e  
w i t h  t o t a l  e r r o r  power. T h i s  b e h a v i o r  s u ~ g e s t s  t h a t  t h e  u n d e r l y i n p  
p s y c h o p h y s i o l o g i c a l  n o i s e  p r o c e s s e s  a r e  b a s i c a l l y  m u l t i p l i c a t i v e  i n  
n a t u r e .  A s i m p l e  model f o r  t h i s  p r o c e s s  - one t h a t  s e r v e s  a s  t h e  
b a s i s  f o r  t h e  t h e o r e t i c a l  development  pu r sued  i n  Chap te r  I11 o f  
t h i s  r e p o r t  - i s  
where x ( t )  i s  t h e  d e s i r e d  r e s p o n s e ,  x f ( t )  i s  t h e  t r u e  r e s p o n s e ,  
6 x ( t )  i s  t h e  v a r i a t i o n  o f  t h e  t r u e  r e s p o n s e  from t h e  d e s i r e d  o n e ,  
and n ( t )  i s  t h e  u n d e r l y i n g  m u l t i p l i c a t i v e  p s y c h o p h y s i c a l  n o i s e  pro-  
c e s s .  We s h a l l  f i n d  i t  c o n v e n i e n t  l a t e r  i n  t h e  r e p o r t  t o  c o n s i d e r  
t h e  v a r i a t i o n a . 1  component 6 x ( t )  as a n o i s e  t e rm t h a t  i s  added t o  t h e  
d e s i r e d  r e s p o n s e  ( o r  s t i m u l u s )  b u t  which o r i g i n a t e s  th rough  t h e  
m u l t i p l i c a t i o n  o f  t h e  p r o c e s s  n ( t )  w i t h  t h e  d e s i r e d  r e s p o n s e  ( o r  
s t i m u l u s )  i t s e l f ,  as shown i n  F i g u r e  1. 
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M u l t i p l i c a t i v e  
N o i s e  P r o c e s s  
n ( t )  
8 x ( t )  I n j e c t e d  
x ( t )  x ' ( l )  
D e s i r e d  A c t u a l  
R e s p o n s e  R e s p o n s e  
F I G . l  A  M O D E L  F O R  T H E  R A N D O M  C O M P O N E N T  O F  H U M A N  R E S P O N S E  
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If n ( t )  and x ( t )  a r e  independent  v a r i a b l e s ,  t h i s  model l e a d s  t o  
t h e  c o n c l u s i o n  t h a t  t h e  s t a n d a r d  d e v i a t i o n  of  t h e  r e s p o n s e  v a r i e s  
p r o p o r t i o n a l l y  w i t h  t h e  magnitude of  t h e  a p p r o p r i a t e  r e s p o n s e .  
An a l t e r n a t e  model f o r  r e s p o n s e  p r o d u c t i o n  ( b a s e d  on o t h e r  
t h a n  con t inuous  t r a c k i n p  s t u d i e s )  h o l d s  t h a t  t h e  v a r i a n c e ,  r a t h e r  
t h a n  t h e  s t a n d a r d  d e v i a t i o n ,  s h o u l d  s c a l e  l i n e a r l y  w i t h  r e s p o n s e  
magnitude.  The r a t i o n a l e  behind t h i s  model i s  t h a t  t h e r e  i s  a  
2 
c e r t a i n  v a r i a n c e ,  a u' a s s o c i a t e d  w i t h  respond ing  a  u n i t  amount,  rU. 
I f  t h e  s u b j e c t  i s  r e q u i r e d  t o  respond a n  amount k * r U ,  he e f f e c t i v e l y  
makes k  s u c c e s s i v e ,  independen t ,  r e s p o n s e s  and accumula tes  a t o t a l  
2 
v a r i a n c e  o f  k * o U .  The l i t e r a t u r e  c o n t a i n s  a t  l e a s t  one e x p e r i m e n t a l  
v e r i f i c a t i o n  o f  t h i s  model (Ref.  11). 
Most of t h e  exper iments  reviewed show t h a t  t h e  s t a n d a r d  d e v i a -  
t i o n  v a r i e s  somewhere between a l i n e a r  r e l a t i o n  and a  s q u a r e - r o o t  
r e l a t i o n  t o  t h e  s t i m u l u s  magni tude ,  w i t h  some r e s i d u a l  e r r o r  e x t r a -  
p o l a t e d  t o  z e r o  s t i m u l u s .  Wherever t h e  d a t a  have been t a b u l a t e d ,  
we have  f i t t e d  t h e  r e s u l t s  w i t h  models of t h e  form 
and 
where a i s  t h e  s t a n d a r d  d e v i a t i o n  of  t h e  s u b j e c t ' s  r e s p o n s e ,  X is  
t h e  magnitude o f  t h e  s t i m u l u s  o r  d e s i r e d  r e s p o n s e ,  and a. i s  t h e  
s t a n d a r d  d e v i a t i o n  a s s o c i a t e d  w i t h  a  n u l l  s t i m u l u s  o r  r e s p o n s e .  
S t imulus  d i sc r imina t ion . - -A s u b s t a n t i a l  amount o f  work h a s  b e e n  
devoted  t o  d e t e r m i n i n g ,  e i t h e r  d i r e c t l y  o r  i n d i r e c t l y ,  t h e  a b i l i t y  
o f  t h e  o b s e r v e r  t o  r e s o l v e  s m a l l  d i f f e r e n c e s  i n  s t i m u l u s  magni tudes  
( R e f s .  12-13).  If one i n t e r p r e t s  t h e  a b i l i t y  t o  r e s o l v e  d i f f e r e n c e s  
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as a  measure o f  t h e  n o i s e  l e v e l  a s s o c i a t e d  w i t h  e s t i m a t i n g  a s t imu-  
l u s  v a r i a b l e ,  one would e x p e c t  t h e  minimum r e s o l v a b l e  d i f f e r e n c e  t o  
va ry  w i t h  s t i m u l u s  magni tude  i n  t h e  manner i n d i c a t e d  i n  eq -ua t ions  
( 5 )  o r  ( 6 ) .  
The a b i l i t y  o f  t h e  o b s e r v e r  t o  r e s o l v e  d i f f e r e n c e s  a l o n g  s t imu-  
l u s  d imens ions  r e l e v a n t  t o  manual c o n t r o l  c a n  b e  i n f e r r e d  from t h e  
r e s u l t s  of S t e v e n s  and G a l a n t e r  ( R e f ,  1 3 )  o b t a i n e d  from a  s e r i e s  o f  
a b s o l u t e -  j udgement e x p e r i m e n t s .  A s  a n  example of  t h e i r  e x p e r i m e n t a l  
t e c h n i q u e ,  s u b j e c t s  were  a s k e d  t o  judge  t h e  magnitude o f  a l i n e  
l e n g t h  i n  te rms o f  a n  11-poin t  s c a l e .  (Such a q u a n t i z e d  s c a l e  i s  
c a l l e d  a c a t e g o r y  s c a l e . )  The s u b j e c t s  were f i r s t  shown s t i m u l i  
n e a r  e i t h e r  end p o i n t  o f  t h e  s c a l e  i n  o r d e r  t o  f i x  t h e i r  r a n g e  o f  
judgements .  The r e s u l t i n g  c a t e g o r y  r a t i n g  v e r s u s  s t i m u l u s  magni tude  
was s t r o n g l y  concave downward. Thus, t h e  s u b j e c t s  i n c l u d e d  a n  i n -  
c r e a s i n g l y  w i d e r  r a n g e  o f  s t i m u l u s  magnitude i n t o  a s i n g l e  c a t e g o r y  
a s  t h e  s t i m u l u s  magni tude  was i n c r e a s e d .  Th i s  b e h a v i o r  was i n t e r -  
p r e t e d  by t h e  a u t h o r s  t o  r e f l e c t ,  i n  p a r t ,  a n  i n c r e a s e  i n  minimum 
r e s o l v a b l e  d i f f e r e n c e  w i t h  s t i m u l u s  magni tude .  A s i m i l a r  e x p e r i -  
ment was per formed i n  which t h e  s u b j e c t s  were a sked  t o  c l a s s i f y  
w e i g h t ;  t h e  r e s u l t s  were  e s s e n t i a l l y  t h e  same a s  f o r  t h e  l e n g t h -  
o f - l i  ne expe r imen t .  
Magnitude e s t i m a t i o n  and product ion . - -The  p r e c i s i o n  w i t h  which 
a s u b j e c t  can  e s t i m a t e  t h e  magni tude  o f  a  s t i m u l u s  o r  produce  a de- 
s i r e d  a n a l o g  r e s p o n s e  i s  i n t i m a t e l y  r e l a t e d  t o  human c o n t r o l l e r  
remnant ,  s i n c e  b o t h  t h e s e  o p e r a t i o n s ,  p l u s  t h e  t a s k  o f  g e n e r a t i n g  
t h e  a p p r o p r i a t e  t r a n s f o r m a t i o n  between t h e  two, a r e  r e q u i r e d  i n  a 
l i n e a r  manual c o n t r o l  t a s k .  Note t h a t  i t  i s  n e a r l y  i m p o s s i b l e  t o  
conduct  a n  expe r imen t  t h a t  can  c o m p l e t e l y  i s o l a t e  a s i n g l e  such  
o p e r a t i o n .  A s  we have a l r e a d y  p o i n t e d  o u t ,  t h e  s u b j e c t  must pro-  
duce some k i n d  o f  o u t p u t  i n  o r d e r  t o  i n d i c a t e  h i s  e s t i m a t e  of t h e  
s t i m u l u s .  ( A l t e r n a t i v e l y ,  i f  h i s  t a s k  i s  p r i m a r i l y  t h e  p r o d u c t i o n  
o f  a n  o u t p u t ,  t h e  s u b j e c t  must r e c e i v e  some i n p u t  t o  inform him o f  
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t h e  d e s i r e d  o u t p u t  m a g n i t u d e . )  Even i f  t h e  i n p u t  o r  o u t p u t  b e  
v e r b a l ,  t h e r e b y  e l i m i n a t i n g  t h e  e f f e c t s  o f  e i t h e r  o b s e r v a t i . o n  
n o i s e  o r  motor  n o i s e ,  t h e  s u b j e c t  must  s t i l l  t r a n s f o r m  be tween  
t h e  s t i m u l u s  and  r e s p o n s e  s p a c e s .  Thus ,  a t  S e s t ,  o n l y  one of 
t h e  t h r e e  o p e r a t i o n s  c a n  b e  e l i m i n a t e d  from t h e  t a s k .  
Some o f  t h e  e x p e r i m e n t s  r e p o r t e d  h e r e  i n v o l v e d  a l l  t h r e e  
o p e r a t i o n s  o f  e s t i m a t i o n ,  t r a . n s f o r m a t i o n ,  and r e s p o n s e .  \le have  
r ev i ewed  them, n e v e r t h e l e s s ,  b e c a u s e  t h e y  p r o v i d e  pood examples  
o f  human v a r i a b i l i t y .  S i n c e  t h e  i n p u t  s i g n a l  was u s u a l l y  removed 
a t  t h e  o n s e t  o f  r e s p o n s e ,  t h e s e  e x p e r i m e n t s  do n o t  i n v o l v e  con- 
t i n u o u s  t r a c k i n p .  
The o b s e r v e r f  s a b i l i t y  t o  e s t i m a t e  t a r g e t  v e l o c i t y  was e s t i -  
mated  by R a c h l i n  ( R e f .  1 4 ) .  The s u b j e c t s  were shown a s p o t  o f  l i g h t  
moving w i t h  c o n s t a n t  v e l o c i t y  a c r o s s  t h e  v i s u a l  f i e l d  and  were  r e -  
q u i r e d  t o  e s t i m a t e ,  among o t h e r  v a r i a b l e s ,  t h e  magn i tude  o f  t h e  
v e l o c i t y ,  S i n c e  t h e  d a t a  a r e  p r e s e n t e d  i n  p rapk i i ca l  form,  we can-  
n o t  d e t e r m i n e  which of  t h e  two models  o f  e q u a t i o n s  (5) and (6) i s  
b e s t .  N e v e r t h e l e s s ,  p l o t s  of i n t e r - q u a r t i l e  r a n p e s  v e r s u s  v e l o c i t y  
i n d i c a t e  t h a t  s u b j e c t  v a r i a b i l i t y  was r o u g h l y  p r o p o r t i o n a l  t o  t h e  
magni tude  o f  t h e  s t i m u l u s  o v e r  a 5O: l  r a n g e  o f  v e l o c i t y .  
The r e a d e r  s h o u l d  b e  aware o f  t h e  ex t reme s e n s i t i v i t y  o f  t h e  
r e s u l t s  o f  e x p e r i m e n t s  o f  t h i s  t y p e  t o  t h e  e x p e r i m e n t a l  c o n d i t i o n s .  
T h i s  i s  p e r h a p s  p a r t i c u l a r l y  t r u e  o f  e x p e r i m e n t s  d e s i g n e d  t o  s t u d y  
t h e  p e r c e p t i o n  o f  v e l o c i t y ,  s i n c e  i t  i s  very  d i f f i c u l t  t o  c o n d u c t  
such  a n  e x p e r i m e n t  w i t h o u t  p r o v i d i n g  a d d i t i o n a l  c u e s .  F o r  example ,  
i f  t h e  s u b j e c t  i s  p r e s e n t e d  w i t h  a  t a r g e t  which moves a c r o s s  h i s  
v i s u a l  f i e l d  f o r  a f i x e d  l e n g t h  o f  t i m e ,  he may e s t i m a t e  v e l o c i t y  
i n d i r e c t l y  by e s t i m a t i n g  t h e  d i s t a n c e  t r a v e l l e d  by t h e  s t i m u l u s .  
A l t e r n a t i v e l y ,  i f  t h e  s t i m u l u s  moves a  g i v e n  d i s t a n c e ,  t h e n  v e l o c i t y  
may b e  e s t i m a t e d  by n o t i n g  t h e  l e n g t h  o f  t ime  t h e  t a r y e t  i s  p r e s e n t e d .  
If a  s t r i n g  of  t a r g e t s  i s  moved a c r o s s  t h e  v i s u a l  f i e l d ,  t h e  s u b j e c t  
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may e s t i m a t e  v e l o c i t y  b y  c o u n t i n p  t h e  r a t e  a t  which  t h e  i n d i v i d u a l  
e1el::ents o f  t h e  s t i m u l u s  d i s a p p e a r  f rom v iew.  R a c h l i n  i n v e s t i g a t e d  
some o f  t h e s e  e x p e r i m e n t a l  p r o c e d u r e s  and  found  t h a t  t h e  s u b j e c t ' s  
e s t i m a t e  o f  a p-iven s t i m u l u s  v e l o c i t y  was s i g n i f i c a n t l y  d e p e n d e n t  
on t h e  way i n  which t h e  s t i m u l u s  was p r e s e n t e d .  
Brown, e t  a1 ( R e f .  1s) i n v e s t i g a t e d  t h e  a c c u r a c y  o f  p o s i -  
t i o n i n g  r e s p o n s e s .  The s u b j e c t  was shown a s t i m u l u s  p o i n t e r  p o s i -  
t i o n e d  randomly a l o n g  t h e  h o r i z o n t a l  a r c ,  t h e  d i s p l a y  was removed,  
and t h e  s u b j e c t  was r e q u i r e d  t o  p o s i t i o n  a  r e s p o n s e  p o i n t e r  a t  t h e  
s p o t  h e  t h o u g h t  was u n d e r  t h e  s t i m u l u s  p o i n t e r .  Weiss ( ~ e f .  1 0 )  
per formed a somewhat s imi la r  e x p e r i m e n t .  The s u b j e c t  was p r o v i d e d  
w i t h  a c o n t r o l  s t i c k  wh ich  c o n t r o l l e d  t h e  p o s i t i o n  o f  a s t i m u l u s  
l i g h t .  With no c o n t r o l  b e i n g  e x e r c i s e d  by t h e  s u b j e c t ,  t h e  l i g h t  
was d i s p l a c e d  by t h e  e x p e r i m e n t e r  t o  a  random p o s i t i o n  a l o n g  t h e  
h o r i z o n t a l  a r c  and  shown b r i e f l y  i n  t h a t  p o s i t i o n ,  The l i g h t  was 
b l a n k e d ,  and  t h e  s u b j e c t  was i n s t r u c t e d  t o  move t h e  c o n t r o l  s t i c k  
t h e  amount h e  t h o u g h t  would b e  n e c e s s a r y  t o  c e n t e r  t h e  s t i m u l u s  
l i g h t .  The r a n g e s  o f  r e s p o n s e  m a g n i t u d e s  r e q u i r e d  i n  t h e s e  e x p e r i -  
men t s  was from 0 . 6  t o  40 cm o f  c o n t r o l  movement f o r  Brown, e t  a1 
and  from 1 . 5  t o  6  d e g r e e s  o f  a n g u l a r  c o n t r o l  d i s p l a c e m e n t  f o r  Wei s s .  
Both e x p e r i m e n t s  showed t h e  v a r i a b i l i t y  o f  t h e  r e s p o n s e  t o  i n c r e a s e  
m o n o t o n i c a l l v  w i t h  s t i m u l u s  m a g n i t u d e .  
A g a i n s t  t h i s  d a t a  we t e s t e d  t h e  models  o f  e q u a t i o n s  ( 5 )  and  ( 6 )  
r e l a t i n g  e i t h e r  t h e  s t a n d a r d  d e v i a t i o n  o r  t h e  v a r i a n c e  o f  t h e  r e s p o n s e  
l i n e a r l y  t o  s t i .mulus  m a g n i t u d e ,  and we f i n d  t h a t  b o t h  models  f i t t e d  
b o t h  s e t s  o f  d a t a  w i t h  a  c o r r e l a t i o n  c o e f f i c i e n t  g r e a t e r  t h a n  0 . 9 0 .  
( A  s l i g h t l y  b e t t e r  f i t  was o b t a i n e d  w i t h  t h e  model o f  e a u a t i o n  ( 5 )  
f o r  W e i s s ' s  d a t a ;  e q u a t i o n  (6) f i t t e d  b e t t e r  t h e  d a t a  o f  Brown, e t  a l . )  
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The  c o e f f i c i e n t s  o f  t h e  ~ o d e l  of e a u a t i o n  ( 5 )  are 
f o r  t h e  d a t a  o f  Weiss, and 
f o r  t h e  r e s u l t s  o f  Brown, e t  a l ,  where X i s  t h e  d e s i r e d  r e s p o n s e  
and 0 i s  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  r e s p o n s e  i n  t h e  same m e t r i c  X 
u n i t s .  The p r e s e n c e  o f  t h e  nonzero  s t a n d a r d  d e v i a t i o n  o b t a i n e d  v i a  
e x t r a p o l a t i o n  of  t h e  e x p e r i m e n t a l  d a t a  s u g g e s t s  t h a t  t h e  model o f  
p s y c h o p h y s i c a l  n o i s e  p r e s e n t e d  i n  e q u a t i o n  ( 4 )  shou ld  be r e v i s e d  
t o  i n c l u d e  a  component of  i r r e d u c i b l e  n o i s e ,  A modi f i ed  v e r s i o n  
o f  t h i s  s i m p l e  model might  b e  
where n ( t )  i s  a  m u l t i p l i c a t i v e  n o i s e  p r o c e s s ,  a s  b e f o r e ,  and a ( t )  
i s  a n  independent  a d d i t i v e  n o i s e  p r o c e s s  t o  account  f o r  t h e  appar-  
e n t l y  i r r e d u c i b l e  component o f  t h e  r e s p o n s e  v a r i a b i l i t y .  
I n  summary, we have reviewed some o f  t h e  psychophys ica l  l i t e r a -  
t u r e  i n  a n  a t t e m p t  t o  d i s c o v e r  t h e  b a s i c  f e a t u r e s  o f  human v a r i a b i l i t y .  
We have s e e n  t h a t  g e n e r a l l y  ( b u t  n o t  a lways )  both  t h e  e r r o r s  o f  
e s t i m a t i n g  t h e  magnitude o f  a  s t i m u l u s  and t h e  minimum r e s o l v a b l e  
s t i m u l u s  d i f f e r e n c e  i n c r e a s e  monoton ica l ly  w i t h  s t i m u l u s  magni tude .  
Much o f  t h e  d a t a  can  b e  d e s c r i b e d  r e a s o n a b l y  w e l l  by a  model which 
assumes a l i n e a r  r e l a t i o n  between t h e  s t a n d a r d  d e v i a t i o n  of  t h e  
human's r e s p o n s e  and t h e  d e s i r e d  r e s p o n s e  magnitude.  I t  s h o u l d  be 
n o t e d ,  however, t h a t  f u n c t i o n a l  r e l a t i o n s h i p s  o t h e r  t h a n  l i n e a r  pro- 
v i d e  e q u a l l y  good d e s c r i p t i o n s  f o r  much of  t h e  same d a t a .  
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Because  of t h e  s e n s i t i v i t y  o f  t h e  e x p e r i m e n t a l  r e s u l t s  t o  t h e  
c o n d i t i o n s  of  t h e  e x p e r i m e n t ,  t h e  p s y c h o p h y s i c a l  d a t a  c a n n o t  b e  
u s e d  t o  p r e d i c t  w i t h  any  d e g r e e  o f  p r e c i s i o n  t h e  q u a n t i t y  o r  spec -  
t r a l  s h a p e  o f  c o n t r o l l e r  remnant  t o  b e  e x p e c t e d  i n  a  g i v e n  manual  
c o n t r o l  s i t u a t i o n .  The r e s u l t s  r e v i e w e d  h e r e  s e r v e  p r i m a r i l y  t o  
v a l i d a t e  o u r  c o n t e n t i o n  t h a t  remnant  s o u r c e s  a r e  p r i m a r i l y  m u l t i -  
p l i c a t i v e  i n  n a t u r e .  
V i s u a l  P r o c e s s i n g  C o n s i d e r a t i o n s  
I n  t h i s  s e c t i o n  we r e v i e w  a p o r t i o n  o f  t h e  l i t e r a t u r e  on v i s u a l  
p e r c e p t i o n  which r e l a t e s  t o  t h e  f o l l o w i n g  two a r e a s  o f  i n t e r e s t  t o  
t h e  s t u d y  o f  manual  c o n t r o l .  F i r s t ,  s i n c e  we s h a l l  p r e s e n t  manual  
t r a c k i n g  r e s u l t s  o b t a i n e d  d u r i n g  p e r i p h e r a l  v i e w i n g  o f  t h e  d i s p l a y ,  
we s h o u l d  l i k e  t o  p r e d i c t  a  p r i o r i  t h e  e f f e c t  on  c o n t r o l l e r  remnant  
o f  t h e  l o c a t i o n  o f  t h e  d i s p l a y  i n  t h e  v i s u a l  f i e l d .  S e c o n d l y ,  w e  
would l i k e  t o  know w h e t h e r  o r  n o t  t h e  o b s e r v e r  i s  a b l e  t o  p e r c e i v e  
d i r e c t l y  t h e  v e l o c i t y  o f  a moving t a r g e t ,  o r  w h e t h e r  v e l o c i t y  e s t i -  
m a t e s  a r e  o b t a i n e d  f rom s u c c e s s i v e  s amples  o f  p o s i t i o n .  I n t e r p r e -  
t a t i o n  o f  t h e  remnant  d a t a  i s  c r u c i a l l y  d e p e n d e n t  on  t h e  answer  t o  
t h i s  q u e s t i o n .  
Measurement o f  v i s u a l  t h r e s h o l d s . - - A l t h o u g h  i t  a p p e a r s  t o  b e  
i m p o s s i b l e  t o  c o n d u c t  a n  e x p e r i m e n t  i n  which t h e  o b s e r v e r ' s  s o l e  
t a s k  i s  t o  e s t i m a t e  v i s u a l  p o s i t i o n  o r  v e l o c i t y ,  i t  i s  q u i t e  pos- 
s i b l e  t o  i n v e s t i g a t e  t h r e s h o l d s  r e l a t e d  t o  t h e  p e r c e p t i o n  o f  t h e s e  
q u a n t i t i e s ,  The r e s u l t s  o f  t h i s  t y p e  o f  e x p e r i m e n t  a r e  n o t  con- 
founded  by t h e  o p e r a t i o n s  o f  i n p u t - o u t p u t  t r a n s f o r m a t i o n  and  o u t p u t  
p r o d u c t i o n ,  s i n c e  o n l y  a  yes -or -no  r e s p o n s e  i s  r e q u i r e d .  S i n c e  a 
t h r a e s h o l d - l i k e  phenomenon may b e  i n t e r p r e t e d  a s  r e f l e c t i n g  a t y p e  
o f  p e r c e p t u a l  n o i s e  p r o c e s s ,  one  would e x p e c t  a d i r e c t  r e l a t i o n s h i p  
be tween  v i s u a l  t h r e s h o l d  and c o n t r o l l e r  remnant  ( a t  l e a s t  t h a t  p a r t  
o f  t h e  remnant  t h a t  a r i s e s  f rom a n  i r r e d u c i b l e  o b s e r v a t i o n  n o i s e  
p r o c e s s  ) . 
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The k inds  o f  v i s u a l  t h r e s h o l d  of  p e r t i n e n c e  t o  t h e  s t u d y  of 
c o n t r o l l e r  remnant a r e  measures o f  v i s u a l  a c u i t y  (Refs. 17-22) and 
motion t h r e s h o l d  (Refs .  20-23).  ( O t h e r  t y p e s  of  t h r e s h o l d ,  such  
as t h e  minimum l i g h t  i n t e n s i t y  p e r c e i v a b l e ,  a r e  n o t  o f  r e l e v a n c e  
h e r e . )  It i s  n o t  our  i n t e n t  t o  review t h i s  l i t e r a t u r e  . t h o r o u g h l y ,  
b u t  r a t h e r  t o  i n d i c a t e  t r e n d s  i n  t h e s e  t h r e s h o l d s  t h a t  may imply 
t r e n d s  i n  human c o n t r o l l e r  remnant .  
V i s u a l  a c u i t y  i s  b a s i c a l l y  a  measure o f  t h e  o b s e r v e r ' s  a b i l i t y  
t o  d i s c r i m i n a t e  two c lose ly - spaced  s t i m u l i  ( f o r  example, two par-  
a l l e l  l i n e  segments s e p a r a t e d  by a  very  narrow d a r k  b a n d ) .  Acui ty  
i s  t a k e n  a s  t h e  r e c i p r o c a l  o f  t h e  minimum a n g u l a r  s e p a r a t i o n  a t  
which t h e  o b s e r v e r  i s  a b l e  t o  d i s t i n g u i s h  between two such  o b j e c t s  
and a s i n g l e  o b j e c t .  A t y p i c a l  f i g u r e  f o r  t h i s  t y p e  o f  a c u i t y  i s  
abou t  1 minute  o f  v i s u a l  a r c .  It shou ld  b e  p o i n t e d  o u t ,  however, 
t h a t  t h e  a b s o l u t e  l e v e l  o f  a c u i t y  v a r i e s  widely  w i t h  e x p e r i m e n t a l  
f a c t o r s  such as t h e  t y p e  o f  v i s u a l  o b j e c t  used i n  t h e  a c u i t y  t e s t  
( R e f s ,  1 9 , 2 0 ) ,  t h e  l i g h t i n g  c o n d i t i o n s  (Ref .  221,  and whe the r  t h e  
t a r g e t  p a i r  i s  s t a t i o n a r y  o r  moving (Refs .  1 7 , 1 8 ) .  Accord ing ly ,  
we can  e x p e c t  t o  o b t a i n  o n l y  q u a l i t a t i v e  p r e d i c t i o n s  of c o n t r o l l e r  
remnant from a c u i t y  measurements r e p o r t e d  i n  t h e  l i t e r a t u r e .  
The t r e n d  most r e l e v a n t  t o  o u r  d i s c u s s i o n  i s  t h e  change i n  
v i s u a l  a c u i t y  t h a t  occurs  as t h e  d i s p l a y  i s  moved from t h e  f o v e a  
i n t o  t h e  p e r i p h e r a l  v i s u a l  f i e l d .  Acuity d e c r e a s e s  monoton ica l ly  
w i t h  angle-of-view f o r  p h o t o p i c  l e v e l s  of  i l l u m i n a t i o n  ( i . e . ,  f o r  
l i g h t  i n t e n s i t y  s u f f i c i e n t  t o  a l l o w  cone v i s i o n ) ,  For  s c o t o p i c  
l e v e l s  o f  illumination ( r o d  v i s i o n ) ,  Gordon ( R e f ,  2 1 )  h a s  found 
t h a t  t h e  a c u i t y  r e a c h e s  a  maximum i n  t h e  range  of  5-7 d e g r e e s  v i s u a l  
a r c ,  t h e n  d e c r e a s e s  monoton ica l ly  w i t h  i n c r e a s i n g  v i s u a l  a n g l e .  
Gordon a l s o  i n v e s t i g a t e d  t h e  r e l a t i o n s h i p  between mot ion  t h r e s h o l d  
and form t h r e s h o l d  ( t h e  l a t t e r  b e i n g  very s i m i l a r  t o  d i s p l a c e m e n t  
t h r e s h o l d ) .  He found t h a t  t h e  two t y p e s  of t h r e s h o l d  i n c r e a s e d  
w i t h  i n c r e a s i n g  p e r i p h e r a l  a n g l e  i n  about  t h e  same way. 
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If we assume t h a t  e r r o r  p o s i t i o n  and  v e l o c i t y  a r e  t h e  r e l e v a n t  
i n p u t  q u a n t i t i e s  i n  a s i m p l e  manual c o n t r o l  s i t u a t i o n ,  t h e n  we i n -  
f e r  from t h e  above s t u d y  o f  v i s u a l  a c u i t y  t h a t  c o n t r o l l e r  rem- 
n a n t  ought  t o  i n c r e a s e  as t h e  d i s p l a y  i s  moved i n t o  t h e  p e r i p h e r a l  
r e g i o n  of  t h e  v i s u a l  f i e l d .  Whether t h i s  i n c r e a s e  w i l l  b e  s i g n i f i -  
c a n t  o r  n o t  depends on t h e  i m p o r t a n c e  o f  a n  i n c r e a s e  i n  v i s u a l  
t h r e s h o l d  r e l a t i v e  t o  o t h e r  s o u r c e s  o f  remnant .  Recent  manual con- 
t r o l  r e s u l t s  imply t h a t  such  t h r e s h o l d  e f f e c t s  are i m p o r t a n t .  
Lev i son  and  E l k i n d  ( R e f .  1) have  found,  Tor example,  t h a t  f r a c t i o n a l  
remnant  power, a l o n g  w i t h  mean-squared s y s  tem e r r o r ,  i n c r e a s e s  w i t h  
p e r i p h e r a l  v iewing a n g l e  o f  t h e  d i s p l a y .  
Another  phenomenon p e c u l i a r  t o  p e r i p h e r a l  v i s i o n  i s  t h e  t e n d -  
ency o f  a p e r i p h e r a l  image t o  f a d e  a f t e r  a f i x a t i o n  p e r i o d  o f  a few 
s e c o n d s ,  Var ious  mechanisms f o r  t h i s  e f f e c t  have  b e e n  p o s t u l a t e d ,  
s u c h  as r e t i n a l  e f f e c t s ,  d e f i c i e n c i e s  i n  t h e  t r a n s m i s s i o n  o f  a 
p e r i p h e r a l l y - v i e w e d  s i g n a l ,  and an  i n a b i l i t y  t o  m a i n t a i n  a t t e n t i o n  
t o  p e r i p h e r a l  s t i m u l i  (Ref .  24). Whatever t h e  c a u s e ,  we can  e x p e c t  
t h i s  e f f e c t  t o  d e g r a d e  t h e  s u b j e c t ' s  a b i l i t y  t o  t r a c k  p e r i p h e r a l l y ,  
s i n c e  f i x e d  e l e m e n t s  of  t h e  d i s p l a y  ( s u c h  as a r e f e r e n c e  i n d i c a t o r )  
canno t  be depended upon t o  p r o v i d e  u s e f u l  i n f o r m a t i o n  a f t e r  a few 
s e c o n d s 1  t i m e .  
. - - P s y c h o l o g i s t s  have  p u z z l e d  f o r  q u i t e  
some t i m e  o v e r  w h e t h e r  t h e  v i s u a l  v e l o c i t y  o f  a moving o b j e c t  i s  
p e r c e i v e d  d i r e c t l y  o r  i s  e s t i m a t e d  from s u c c e s s i v e  samples  o f  v i s u a l  
p o s i t i o n  ( R e f .  2 3 ) .  I n  o r d e r  f o r  us  t o  i n t e r p r e t  t h e  remnant d a t a  
o b t a i n e d  i n  s i t u a t i o n s  t h a t  r e q u i r e  t h e  s u b j e c t  t o  produce  an  o u t p u t  
p r o p o r t i o n a l  t o  e r r o r  v e l o c i t y ,  we must d e c i d e  a 
- 
whethe r  t h e  
s u b j e c t  p e r c e i v e s  r a t e  d i r e c t l y  o r  whe the r  he r e a l l y  d e r i v e s  i t  from 
p o s i t i o n  o b s e r v a t i o n s .  
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Rashbass ( R e f .  25) h a s  o b t a i n e d  e v i d e n c e ,  b a s e d  on s t u d i e s  o f  
occulomotor  b e h a v i o r ,  t h a t  i n d i c a t e s  t h a t  v e l o c i t y  i s  p e r c e i v e d  
d i r e c t l y .  H e  i n s t r u c t e d  h i s  s u b j e c t s  t o  t r a c k  v i s u a l l y  a  moving 
s p o t  of  l i g h t ,  and he measured t h e  r e s p o n s e  o f  t h e  s u b j e c t s '  f i x a -  
t i o n  p o i n t  t o  s t i m u l u s  v a r i a t i o n s  c o n s i s t i n g  o f :  (1) a s t e p  d i s -  
p lacement ,  ( 2 )  a c o n s t a n t - v e l o c i t y  ramp, and ( 3 )  a  s t e p  immedia te ly  
f o l l o w e d  by a ramp. S t e p  i n p u t s  produced s a c c a d i c  r e s p o n s e s  i n  t h e  
occulomotor  sys tem ( i . e . ,  t h e  f i x a t i o n  p o i n t  changed i n  a  series o f  
one o r  more sudden jumps) t h a t  were rough ly  p r o p o r t i o n a l  t o  t h e  
s i z e  of t h e  i n p u t .  Ramps, on t h e  o t h e r  hand ,  produced smooth t r a c k -  
i n g ,  o r  p u r s u i t ,  movements of t h e  eye  which were l i n e a r  w i t h  t h e  
i n p u t  f o r  v e l o c i t i e s  up t o  a b o u t  10  deg/sec .  (The r e s p o n s e s  t o  
ramps g r e a t e r  t h a n  a b o u t  3 deg / sec  a l s o  i n c l u d e d  one o r  more sac-  
c a d e s ,  a p p a r e n t l y  t o  c o r r e c t  f o r  t h e  bui ld-up i n  p o s i t i o n a l  e r r o r . )  
When t h e  i n p u t  c o n s i s t e d  o f  a s t e p  o f  v a r i a b l e  s i z e  p l u s  a 
ramp of f i x e d  v e l o c i t y ,  t h e  r e s p o n s e  was g e n e r a l l y  t h e  s u p e r p o s i t i o n  
of a saccade  whose d i r e c t i o n  and magnitude were a p p r o p r i a t e  t o  t h e  
s t e p  component o f  t h e  i n p u t  and a  p u r s u i t  movement a p p r o p r i a t e  t o  
t h e  ramp component o f  t h e  i n p u t .  Perhaps t h e  most i m p o r t a n t  e x p e r i -  
men ta l  r e s u l t  was t h e  r e s p o n s e  o f  t h e  eye  p o s i t i o n  t o  a n  i n p u t  con- 
s i s t i n g  o f  a  s t e p  f o l l o w e d  by a  ramp d i r e c t e d  o p p o s i t e l y  from t h e  
d i r e c t i o n  of t h e  s t e p  ( i . e . ,  back  through t h e  o r i g i n ) .  Rashbass 
f o u n d , a f t e r  a s h o r t  d e l a y , t h a t :  (1) t h e  eye  began moving i n  t h e  
d i r e c t i o n  of  t h e  ramp ( i . e . ,  away from t h e  i n i t i a l  l o c a t i o n  o f  t h e  
s t i m u l u s ) ,  ( 2 )  a  s a c c a d e  t h e n  o c c u r r e d  i n  t h e  d i r e c t i o n  o f  t h e  i n i -  
t i a l  s t e p ,  and ( 3 )  t h e  eye  c o n t i n u e d  w i t h  i t s  p u r s u i t  movement i n  
t h e  d i r e c t i o n  of  t h e  s t i m u l u s  ramp. Rashbass concluded from t h i s  
exper iment  t h a t  t h e  p u r s u i t  s y s t e m  was respond ing  t o  a  d i r e c t  pe r -  
c e p t i o n  o f  v e l o c i t y ;  i f  i t  responded,  i n s t e a d ,  t o  c l o s e l y - s p a c e d  
samples of s t i m u l u s  p o s i t i o n ,  t h e  i n i t i a l  mot ion  o f  t h e  eye  would 
have  been  i n  t h e  d i r e c t i o n  o f  t h e  i n i t i a l  s t e p  d i s p l a c e m e n t .  
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These r e s u l t s  o f  Rashbass  a r e  conf i rmed by a  s imi la r  s e t  o f  e x p e r i -  
ments per formed by Young ( R e f .  2 6 ) .  IIe o b t a i n e d  t h e  same r e s u l t s .  
I n  a d d i t i o n ,  he c o n s t r u c t e d  a  sampled-da ta  model f o r  eye-movements 
t h a t  i n c o r p o r a t e s  d i r e c t  s e n s i n g  o f  v e l o c i t y .  
.--The e x t e n t  t o  which t h e  human c a n  
e s t i m a t e  t h e  a c c e l e r a t i o n  o f  a  moving t a r g e t  i s  o f  d i r e c t  conce rn  
t o  t h e  s t u d y  of manual c o n t r o l ,  p a r t i c u l a r l y  w i t h  r e s p e c t  t o  d i s p l a y  
r e q u i r e m e n t s .  We know o f  no exper imen t s  t h a t  have  been  r e p o r t e d  
which c a l i b r a t e  t h e  p r e c i s i o n  w i t h  which a c c e l e r a t i o n  i s  e s t i m a t e d  
by v i s u a l  i n p u t s  a l o n e .  Some i n d i r e c t  e v i d e n c e  i s  a v a i l a b l e  i n  t h e  
manual c o n t r o l  l i t e r a t u r e ,  however,  t o  i n d i c a t e  t h a t  p e r c e p t i o n  o f  
a c c e l e r a t i o n  i s  n o t  ve ry  good. Birminpham and T a y l o r  have  conc luded  
from t h e i r  s t u d i e s  of  d i s p l a y  q u i c k e n i n g ,  f o r  example ,  t h a t  h igh-  
o r d e r  v e h i c l e  dynamics canno t  be c o n t r o l l e d  e f f e c t i v e l y  by d i s p l a y s  
o f  e r r o r  p o s i t i o n  a l o n e  ( R e f .  2 7 ) .  T h i s  c o n c l u s i o n  i m p l i e s  t h a t  
t h e  human canno t  e f f e c t i v e l y  t a k e  h i g h - o r d e r  d e r i v a t i v e s  o f  t h e  d i s -  
p l a y e d  v a r i a b l e .  
Summary o f  Background D i s c u s s i o n  
I n  t h e  f i r s t  s e c t i o n  o f  t h i s  c h a p t e r  we d e f i n e  c o n t r o l l e r  rem- 
n a n t  i n  g e n e r a l  a s  t h a t  component o f  t h e  c o n t r o l l e r ' s  o u t p u t  t h a t  
i s  n o t  d e t e r m i n i s t i c a l l y  r e l a t e d  t o  sys t em i n p u t s ,  S i n c e  no con- 
s t r a i n t s  a r e  p l a c e d  on t h e  n a t u r e  o f  t h e  d . e t e r m i n i s t i c  p o r t i o n  of  
t h e  c o n t r o l l e r ' s  r e s p o n s e ,  remnant measured i n  a  way c o n s i s t e n t  w i t h  
t h i s  d e f i n i t i o n  w i l l  n o t  i n c l u d e  t h e  e f f e c t s  o f  m o d e l l i n g  e r r o r s  on  
t h e  p a r t  o f  t h e  sys t ems  a n a l y s t .  L i m i t a t i o n s  o f  t h e  manual c o n t r o l  
d a t a  t h a t  a r e  a v a i l a b l e ,  however,  r e q u i r e  t h a t  some c o n s t r a i n t  be 
p l a c e d  on t h e  c o n t r o l l e r ' s  d e t e r m i n i s t i c  r e s p o n s e .  A q u a s i - l i n e a r  
r e p r e s e n t a t i o n  o f  t h e  c o n t r o l l e r  i s  a d o p t e d ,  and we adop t  t h e  work- 
i n p  d e f i n i t i o n  o f  c o n t r o l l e r  remnant a s  t h e  p o r t i o n  o f  t h e  c o n t r o l l e r ' s  
r e s p o n s e  n o t  r e l a t e d  t o  t h e  s y s t e n  i n p u t s  by t h e  c o n t r o l l e r ' s  d e s c r i b -  
i n g  f u n c t i o n .  The l a t t e r  d e f i n i t i o n  i s  j u s t i f i e d  on t h e  prounds t h a t  
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t h e  e x p e r i m e n t a l  c o n d i t i o n s  which y i e l d e d  t h e  a v a i l a b l e  manual 
c o n t r o l  d a t a  were such a s  t o  minimize n o n l i n e a r i t i e s  i n  t h e  con- 
t r o l l e r ' s  b e h a v i o r .  
A review of  t h e  remnant l i t e r a t u r e  i n d i c a t e s  t h a t  t h e  s o u r c e s  
o f  remnant a r e  b a s i c a l l y  m u l t i p l i c a t i v e  i n  n a t u r e .  We f i n d  some 
ev idence  t h a t  remnant i s  dependent  on v a r i o u s  c o n t r o l  sys tem param- 
e t e r s .  It i s  s t r o n g l y  dependent  on t h e  o r d e r  of  t h e  v e h i c l e .  dynam- 
i c s ;  it  i s  n o t  c l e a r  whe the r  o r  n o t  t h e r e  i s  a  s i g n i f i c a n t  depend- 
ency wi th  r e s p e c t  t o  i n p u t  c h a r a c t e r i s t i c s .  Recent e v i d e n c e  i n d i -  
c a t e s  t h a t  a  r e a s o n a b l y  s t a b l e  r e p r e s e n t a t i o n  o f  c o n t r o l l e r  remnant 
can  be  o b t a i n e d  by r e f e r r i n g  remnant t o  an  e q u i v a l e n t  n o i s e  s o u r c e  
i n j e c t e d  a t  t h e  c o n t r o l l e r ' s  i n p u t .  Some i n v e s t i g a t o r s  have  pos tu -  
l a t e d  t h a t  remnant a r i s e s  p r i m a r i l y  from t i ~ e - v a r i a t i o n s  i n  t h e  
c o n t r o l l e r ' s  g a i n  and t ime  d e l a y .  We do n o t  f i n d  enough e v i d e n c e  
i n  t h e  l i t e r a t u r e ,  however,  t o  s u p p o r t  t h i s  c o n c l u s i o n .  
A p a r t i a l  review o f  t h e  p s y c h o p h y s i c a l  l i t e r a t u r e  i n d i c a t e s  
t h a t  t h e  d e g r e e  o f  randomness i n  a  human's r e s p o n s e  t o  a  g i v e n  
s t i m u l u s  v a r i e s  monoton ica l ly  w i t h  t h e  magnitude o f  t h e  r e s p o n s e .  
I n  some c a s e s  we f i n d  t h a t  t h e  s t a n d a r d  d e v i a t i o n  of  t h e  r e s p o n s e  
v a r i e s  n e a r l y  l i n e a r l y  w i t h  r e s p o n s e  magnitude . T h i s  phenomenon 
r e i n f o r c e s  o u r  c o n c l u s i o n  t h a t  t h e  s o u r c e s  of  c o n t r o l l e r  remnant 
a r e  b a s i c a l l y  m u l t i p l i c a t i v e  i n  n a t u r e .  
A p a r t i a l  review o f  t h e  l i t e r a t u r e  on v i s i o n  r e v e a l s  r e l a t i o n -  
s h i p s  between v i s u a l  a c u i t y ,  mot ion  t h r e s h o l d s ,  and p e r i p h e r a l  a n g l e -  
of-view which imply t h a t  c o n t r o l l e r  remnant ought  t o  i n c r e a s e  a s  
t h e  d i s p l a y  i s  l o c a t e d  a t  i n c r e a s i n g l y  p e r i p h e r a l  l o c a t i o n s  i n  t h e  
v i s u a l  f i e l d .  We a l s o  f i n d  ev idence  t o  show t h a t  t h e  c o n t r o l l e r  
can  e s t i m a t e  d i r e c t l y  t h e  v e l o c i t y  o f  a  moving t a r g e t ;  he  a p p a r e n t l y  
does n o t  have t o  base  such a n  e s t i m a t i o n  on s u c c e s s i v e  samples  of  
p o s i t i o n .  On t h e  o t h e r  hand,  i t  appears  t h a t  t h e  c o n t r o l l e r  cannot  
o b t a i n  d e r i v a t i v e s  h i g h e r  t h a n  f i r s t - o r d e r  from a  s i g n a l  p r e s e n t e d  
v i s u a l l y .  
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111. THEORETICAL DEVELOPMENT 
I n  t h i s  c h a p t e r  we p r e s e n t  a  model o f  t h e  p s y c h o p h y s i c a l  n o i s e  
p r o c e s s e s  u n d e r l y i n g  c o n t r o l l e r  remnant and deve lop  a t h e o r e t i c a l  
framework i n  which t o  p r e d i c t  t h e  e f f e c t s  o f  t h e s e  p r o c e s s e s  on t h e  
c h a r a c t e r i s t i c s  o f  t h e  remnant .  
A Model f o r  E q u i v a l e n t  M u l t i p l i c a t i v e  O b s e r v a t i o n  R o i s e  
Remnant may a r i s e  from a  v a r i e t y  o f  s o u r c e s  such  a s  : ( 1 )  e r r o r s  
i n  o b s e r v i n g  t h e  d i s p l a y e d  s t a t e  o f  t h e  v e h i c l e ,  ( 2 )  e r r o r s  i n  e x e c u t -  
i n g  t h e  i n t e n d e d  c o n t r o l  movement, ( 3 )  t i m e - v a r i a t i o n s  i n  t h e  con- 
t r o l l e r ' s  s t r a t e g y ,  and ( 4 )  s t r u c t u r a l  d e f i c i e n c i e s  o f  t h e  d e t e r m i n -  
i s t i c  model f o r  t h e  human c o n t r o l l e r  ( e . g . ,  d e v i a t i o n s  o f  t h e  con- 
t r o l l e r  from a c o n t i n u o u s ,  l i n e a r ,  c o n t r o l  s t r a t e p y ) .  We s h a l l  n o t  
c o n s i d e r  remnant s o u r c e s  o f  t h e  l a s t  c a t e c o r y .  A l i s t  o f  p o s s i b l e  
remnant s o u r c e s  - t h o s e  c o n s i d e r e d  h e r e  a s  w e l l  as t h o s e  n o t  con- 
s i d e r e d  - i s  g i v e n  i n  T a b l e  1. 
Accord ing ly ,  we s h a l l  a n a l y z e  remnant o b t a i n e d  from manual  
t r a c k i n g  exper imen t s  i n  which:  ( 1 )  t h e  p l a n t  dynamics a r e  l i n e a r ,  
( 2 )  t h e  s u b j e c t  i s  r e q u i r e d  t o  view a  s i n g l e  d i s p l a y  and m a n i p u l a t e  
a s i n g l e  c o n t r o l ,  and ( 3 )  t h e  t a s k  r e q u i r e m e n t s  a r e  such  t h a t  t h e  
s u b j e c t  a p p a r e n t l y  d e v o t e s  c o n t i n u o u s  a t t e n t i o n  t o  t h e  t r a c k i n g  t a s k .  
The d i s p l a y  may p r e s e n t  one o r  more v a r i a b l e s ,  e i t h e r  l i n e a r l y  cor -  
r e l a t e d  o r  i n d e p e n d e n t ,  and t h e  s u b j e c t  may d e r i v e  a d d i t i o n a l  i n p u t  
v a r i a b l e s  by p e r f o r m i n p  l i n e a r  o p e r a t i o n s  on t h e  v a r i a b l e s  t h a t  a r e  
e x p l i c i t l y  d i s p l a y e d .  
The human c o n t r o l l e r  i n  such  a s i t u a t i o n  can  o f t e n  b e  r e p r e -  
s e n t e d  approx ima te ly  by t h e  s i m p l i f i e d  l i n e a r  model diagrammed i n  
F i g u r e  2 .  The p i l o t ' s  c o n t r o l  c h a r a c t e r i s t j c s  a r e  c o n s i d e r e d  as 
t h e  c a s c a d e  o f  t h r e e  l i n e a r  o p e r a t i o n s :  a c e n t r a l - p r o c e s s i n g  t i m e  
d e l a y ,  a n  e q u a l i z a t i o n  ne twork ,  and t h e  neurornuscular  dynamics . 
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T a b l e  1 
L i s t i n g  o f  P o t e n t i a l  Remnant S o u r c e s  
A .  Those c o n s i d e r e d  i n  t h e  r e p o r t :  
1. O b s e r v a t i o n  n o i s e  
2 .  Motor n o i s e  
3. Random v a r i a t i o n s  i n  t h e  c o n t r o l l e r ' s  g a i n s  
4 .  Random v a r i a t i o n s  i n  t h e  c o n t r o l l e r ' s  t i m e  d e l a y  
B.  Those n o t  c o n s i d e r e d  i n  t h i s  r e p o r t :  
1. N o n l i n e a r  b e h a v i o r  
2 .  C o n s i s t e n t  t i m e  v a r i a , t i o n s  i n  t h e  p i l o t ' s  c o n t r o l  s t r a t e g y  
3. E f f e c t s  o f  d i s c o n t i n u o u s  i n p u t  o r  o u t p u t  b e h a v i o r  by t h e  
c o n t r o l l e r  
4 .  I n a d e q u a t e  m o d e l l i n g  o f  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n  
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The t i m e  d e l a y  i s  r e p r e s e n t e d  f o r  m a t h e m a t i c a l  c o n v e n i e n c e  a s  
o c c u r r i n g  e n t i r e l y  i n  t h e  v i s u a l  pa thways .  The e q u a l i z a t i o n  n e t -  
work r e p r e s e n t s  t h e  means by which t h e  s u b j e c t  a t t e m p t s  t o  o p t i m i z e  
h i s  c o n t r o l  s t r a t e g y  t o  match a g i v e n  c o n t r o l  s i t u a t i o n ,  The neu ro -  
m u s c u l a r  dynamics  a r e  a s s u ~ e d  t o  b e  r e l a t i v e l y  i n v a r i a n t  and n o t  a 
s i g n i f i c a n t  s o u r c e  o f  r emnan t .  Models f o r  a l l  t h r e e  e l e m e n t s  are 
d i s c u s s e d  by McRuer, e t  a1 ( ~ e f .  4 ) .  S p e c i f i c a l l y ,  t h e y  f i n d  t h a t  
t h e  c o n t r o l l e r ' s  e q u a l i z a t i o n  c a n  b e  w e l l  a p p r o x i m a t e d  i n  many con- 
t r o l  s i t u a t i o n s  by a  f i r s t - o r d e r  l e a d - l a g  ne twork .  
I n  o r d e r  t o  s i m p l i f y  t h e  e n s u i n g  d i s c u s s i o n ,  we s h a l l  assume 
t h a t  t h e  e n t i r e  s t a t e  v e c t o r  x ( t )  i s  d i s p l a y e d  t o  t h e  s u b j e c t .  
- 
T h i s  a s s u m p t i o n  i s  b y  no means c r u c i a l  t o  t h e  t h e o r e t i c a l  d e v e l o p -  
ment ,  however ;  i n  g e n e r a l ,  t h e  components o f  - x ( t )  a r e  t h o s e  v a r i -  
a b l e s  t h a t  a r e  d i s p l a y e d  e x p l i c i t l y ,  p l u s  w h a t e v e r  a d d i t i o n a l  v a r i -  
a b l e s  t h e  c o n t r o l l e r  c a n  d e r i v e  f rom them. We a l s o  assume t h a t  t h e  
v e h i c l e  dynamics  c o n t a i n  a t  l e a s t  one i n t e g r a t i o n  s o  t h a t  we may 
n e g l e c t  c o n t r o l l e r - i n d u c e d  l ag  i n  t h e  f o l l o w i n g  a n a l y s i s .  
P o t e n t i a l  s o u r c e s  o f  remnant  a r e  shown i n  t h e  l i n e a r  f l ow d i a -  
gram o f  F i g u r e  3 .  A l l  components o f  t h e  s y s t e m  s t a t e  v e c t o r  x ( t )  
- 
a r e  d e l a y e d  by a n  amount - r ( t ) ,  which i s  assumed t o  v a r y  randomly 
a b o u t  a n  a v e r a c e  d e l a y  o f  r 0 '  To t h e  d e l a y e d  s t a t e  v e c t o r  i s  added  
a n  o b s e r v a t i o n  n o i s e  v e c t o r  x x ( t ) .  The p e r c e i v e d  e r r o r  - x t ( t )  i s  
p r o c e s s e d  b y  t h e  g a i n  v e c t o r  - K ( t ) ,  which v a r i e s  randomly a b o u t  a n  
a v e r a g e  p a i n  o f  K and  a moto r  n o i s e  component r u ( t )  i s  added  t o  
-0 ' 3t 
y i e l d  t h e  "commanded" c o n t r o l  m o t i o n  u c ( t ) .  The n e u r o m u s c u l a r  sub -  
s y s t e m  o p e r a t e s  l i n e a r l y  on u  ( t )  t o  p r o v i d e  t h e  c o n t r o l  m o t i o n  u ( t ) .  
C 
One migh t  a r c u e  t h a t  t h e  mo to r  n o l s e  component i s  more a p p r o p r i a t e l y  
added a f t e r  t h e  n e u r o m u s c u l a r  sys t em t h a n  b e f o r e  i t ,  o r  t h a t  i t  
shoul(1 b e  d i s t r i b u t e d  be tween  i .nput and o u t p u t .  S i n c e  we h a v e  
a d o p t e d  a  l i n e a r  n o d e l  o f  t h e  c o n t r o l l e r ,  however ,  a l l  o f  t h e s e  
t r e a t m e n t s  o f  mo to r  n o i s e  a r e  e s s e n t i a l l y  e q u i - v a l e n t  from a  mathe- 
m a t i c a l  p o i n t  o f  view.  Cne s c u r c e  c a n  b e  l i n e a r l y  t r a n s f o r m e d  via .  
t h e  n e u r o m u s c u l a r  sgs t e r ?  dynamics  t o  t h e  o t h e r .  N a t h e m a t i c a l  con- 
v e n i e n c e  d i c t a t e d  o u r  choi -ce  o f  t r e a t m e n t  h e r e .  
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The c o n t r o l l e r ' s  remnant has  g e n e r a l l y  been c o n s i d e r e d  t o  b e  
n o i s e  added t o  e i t h e r  t h e  c o n t r o l l e r s s  i n p u t  o r  o u t p u t  ( R e f s .  1 - 4 ) .  
While t h i s  i s  c o r r e c t  i n  a  ma themat ica l  s e n s e ,  most p s y c h o p h y s i c a l  
d a t a  i n d i c a t e  t h a t  t h e  u n d e r l y i n g  s o u r c e s  o f  remnant b e h a v i o r  a r e  
m u l t i p l i c a t i v e ,  r a t h e r  t h a n  a d d i t i v e ,  as d i s c u s s e d  i n  Chap te r  I1 
o f  t h i s  r e p o r t .  Thus, t h e  i n j e c t e d  n o i s e  s o u r c e s  and t i m e - v a r i a t i o n s  
o f  sys tem paramete r s  a r e  r e p r e s e n t e d  a s  f o l l o w s :  
where E x ( t )  and bJk( t )  a r e  d i a g o n a l  n o i s e  m a t r i c e s  and n u ( t )  and  
n  ( t )  a r e  s c a l a r  n o i s e  t e r m s ,  These m u l t i p l i c a t i v e  n o i s e  compon- 
T 
e n t s  a r e  d i m e n s i o n l e s s  q u a n t i t i e s .  The p e r c e i v e d  s t a t e  v e c t o r ,  
c o n t r o l  command, and c o n t r o l l e r  g a i n  m a t r i x ,  i n c l u d i n g  b o t h  t h e  
s t e a d y - s t a t e  and v a r i a t i o n a l  components,  a r e  
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The f o l l o w i n g  i m p o r t a n t  a s sumpt ions  a r e  made concern ing  t h e  
n o i s e  p r o c e s s e s  and s t a t e  v a r i a b l e s :  
( a )  Only m u l t i p l i c a t i v e  n o i s e  t e rms  a r e  i m p o r t a n t  i n  t h e  
p r o d u c t i o n  o f  c o n t r o l l e r  remnant .  A d d i t i v e  te rms 
(which were found n e c e s s a r y  t o  e x p l a i n  some o f  t h e  
p s y c h o p h y s i c a l  d a t a  reviewed i n  Chapter  11) c a n  b e  
s a f e l y  i g n o r e d ,  because  t h e  a v a i l a b l e  t r a c k i n g  d a t a  
has  been o b t a i n e d  f r ~ m ~ e x p e r i r n e n t s  d e s i g n e d  t o  mini-  
mize t h r e s h o l d  e f f e c t s .  
( b )  The v a r i a t i o n a l  m a t r i c e s  N ( t )  and N ( t )  a r e  d i a g o n a l .  
Thus, t h e  n o i s e  a s s o c i a t e a x w i t h  the -ks t ima t ion  of  one 
component o f  t h e  s t a t e  v e c t o r  i s  independen t  o f  t h e  
b e h a v i o r  o f  t h e  remain ing  components. 
( c )  A l l  n o i s e  components i m p l i e d  by e q u a t i o n  (11) a r e  
g a u s s i a n  and l i n e a r l y  independen t  o f  each o t h e r ,  of  
t h e  s t a t e  v e c t o r ,  o f  t h e  c o n t r o l l e r ' s  o u t p u t ,  and o f  
t h e  sys tem f o r c i n g  f u n c t i o n .  (Note  t h a t  we do n o t  
assume l i n e a r  independence o f  t h e  components of t h e  s t a t e  
v e c t o r .  ) 
( d )  The m u l t i p l i c a t i v e  n o i s e  p r o c e s s e s  a r e  f u n c t i o n a l l y  
independen t  o f  c o n t r o l  sys tem paramete r s  i n  a l l  r e -  
s p e c t s .  These p r o c e s s e s ,  t h u s ,  a r e  assumed t o  a r i s e  
from b a s i c  p h y s i o l o g i $ $ l  n o i s e  s o u r c e s  t h a t  a r e  t r u l y  
i n t e r n a l  t o  t h e  human.' 
iC 
The d e g r e e  t o  which t h i s  assumpt ion  i s  v a l i d  w i l l  be  e v i d e n t  from 
t h e  e x p e r i m e n t a l  r e s u l t s  r e p o r t e d  i n  Chapter  V .  
% %  
We s h a l l  n o t  a t t e m p t  t o  i d e n t i f y  t h e  p h y s i o l o ~ i c a l  p r o c e s s e s  under- 
l y i n g  t h e  m u l t i p l . i c a t i v e  n o i s e  p r o c e s s e s  p o s t u l a t e d  h e r e .  R a t h e r ,  
we s i m p l y  o f f e r  t h i s  c o n s t r u c t  a s  a  model which we hope w i l l  b e  
u s e f u l  i n  t h e  p r e d i c t i o n  of c o n t r o l l e r  remnant .  
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I n  o r d e r  t o  s i m p l i f y  our  t r e a t m e n t  of  t h e  e x p r e s s i o n ,  we s h a l l  
assume t h a t  v a r i a t i o n s  of  t h e  c o n t r o l l e r ' s  t ime d e l a y  a r e  s m a l l  
compared t o  t h e  a v e r a g e  t ime  d e l a y .  We may t h e n  use  t h e  f i r s t  two 
terms o f  a T a y l o r  s e r i e s  expans ion  t o  o b t a i n  the f i r s t - o r d e r  e f f e c t s  
of t ime d e l a y  v a r i a t i o n s .  The g e n e r a l  f o r n  of  t h e  f i r s t - o r d e r  
T a y l o r  s e r i e s  expans ion  i s  
Replac ing a by t - r ( t )  and a-a. by - n , ( t )  r o ,  we o b t a i n  
By a p p l y i n g  t h e  r e l a t i o n s h i p s  of e q u a t i o n s  (11) and (13) t o  t h e  
s o l u t i o n  of t h e  l i n e a r  flow diagram o f  F i p u r e  3 ,  w e  compute t h e  
f o l l o w i n g  r e l a t i o n s h i p  between t h e  s t a t e  v e c t o r  and t h e  co~manded  
c o n t r o l  mot ion:  
where t h e  symbol ( l )  d e n o t e s  m a t r i x  t r a n s p o s i t i o n .  C o n s i d e r a t i o n  
o f  only  t h e  f i r s t - o r d e r  n o i s e  te rms y i e l d s  t h e  f o l l o w i n g  a p p r o x i -  
ma t ion  t o  c o n t r o l l e r  remnant:  
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The f i r s t  term of  e q u a t i o n  ( 1 5 )  r e p r e s e n t s  t h e  c o n t r o l l e r ' s  
a v e r a g e  r e s p o n s e  c h a r a c t e r i s t i c s  ( i . e , ,  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  
f u n c t i o n  e x c l u s i v e  o f  t h e  neuromuscular  dynamics) .  The second term 
i n d i c a t e s  t h a t  motor n o i s e ,  o b s e r v a t i o n  n o i s e ,  and t i m e - v a r i a t i o n s  
i n  c o n t r o l l e r  g a i n  c o n t r i b u t e  i n  a s i m i l a r  manner t o  remnant .  Ob- 
s e r v a t i o n  n o i s e  and g a i n  v a r i a t i o n s  a r e  shown t o  be  m a t h e m a t i c a l l y  
i n d i s t i n g u i s h a b l e  i n  t h e  t r a c k i n g  c o n t e x t  under  c o n s i d e r a t i o n .  The 
motor n o i s e  component d i f f e r s  from t h e  o b s e r v a t i o n  n o i s e  only  i n  
i t s  d i m e n s i o n a l i t y  ( i t  i s  a  s c a l a r  s i n c e  we a r e  c o n s i d e r i n g  s i n g l e -  
c o n t r o l  s i t u a t i o n s  o n l y ) ,  It i s  t h e r e f o r e  c o n c e i v a b l e  t h a t  t h e  e f -  
f e c t s  o f  motor  n o i s e  c o u l d  be  d i f f e r e n t i a t e d  from t h o s e  o f  observa-  
t i o n  n o i s e  by a  s e r i e s  o f  m u l t i v a r i a b l e ,  s i n g l e - c o n t r o l  t r a c k i n g  
e x p e r i m e n t s ,  a l t h o u g h  we e x p e c t  t h i s  would be ex t remely  d i f f i c u l t .  
V a r i a t i o n s  i n  c o n t r o l l e r  t ime  d e l a y ,  however, a p p e a r  t o  con- 
t r i b u t e  t o  t h e  c o n t r o l l e r ' s  remnant i n  a somewhat d i f f e r e n t  way t h a n  
t h e  o t h e r  p r o c e s s e s  t h a t  we have c o n s i d e r e d .  Whereas t h e  observa-  
t i o n  n o i s e ,  motor n o i s e ,  and g a i n  v a r i a t i o n  n o i s e  te rms a c t  a s  
m u l t i p l i e r s  on t h e  s t a t e  v e c t o r ,  t h e  t ime  d e l a y  v a r i a t i o n  term 
o p e r a t e s  on t h e  f i r s t  d e r i v a t i v e  o f  t h e  s t a t e  v e c t o r .  Ana lys i s  o f  
a  s e r i e s  o f  s i m p l e  manual c o n t r o l  s i t u a t i o n s  which a r e  des igned  t o  
vary t h e  r e l a t i o n s h i p  between t h e  s t a t e  v e c t o r  and i t s  f i r s t  d e r i v -  
a t i v e  (as m i g h t  be  a c c o m p l i s h e d , f o r  example,by v a r y i n g  t h e  bandwidth 
of t h e  f o r c i n g  f u n c t i o n )  might  t h e r e f o r e  p r o v i d e  a means f o r  d e t e r -  
mining whether  t ime-delay v a r i a t i o n s  o r  o t h e r  n o i s e  s o u r c e s  a r e  t h e  
dominant s o u r c e s  of  remnant ,  
S i n c e  motor n o i s e ,  o b s e r v a t i o n  n o i s e ,  and g a i n  v a r i a t i o n a l  
n o i s e  t e rms  have e s s e n t i a l l y  i d e n t i c a l  e f f e c t s  on c o n t r o l l e r  rem- 
n a n t ,  we can  combine t h e s e  t h r e e  n o i s e  te rms i n t o  a s i n g l e  equiva-  
iit 
l e n t  n o i s e  term w i t h o u t  LOSS of  g e n e r a l i t y .  (Tha t  i s ,  t h e r e  seems 
We a r e  n o t  s p e c i f i c a l l y  c o n s i d e r i n g  human c o n t r o l l e r  sampl ing  
e f f e c t s  a s  a  s o u r c e  o f  remnant i n  o u r  t h e o r e t i c a l  t r e a t m e n t .  
N e v e r t h e l e s s ,  o u r  " e q u i v a l e n t "  n o i s e  model may, i n  p a r t ,  account  
f o r  such  b e h a v i o r .  We n o t e  t h a t  Bekey and Bidd le  (Ref. 9 )  have 
d i s c o v e r e d  t h e  e f f e c t s  o f  random sampl ing  on c o n t r o l l e r  o u t p u t  
t o  be i n d i s t i n g u i s h a b l e  from t h e  e f f e c t s  o f  o t h e r  n o i s e  p r o c e s s e s .  
4 4 
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t o  b e  no measurement t h a t  we can  make t o  d i f f e r e n t i a t e  one n o i s e  
s o u r c e  from a n o t h e r . )  We have chosen t o  combine them i n t o  a n  
e q u i v a l e n t  m u l t i p l i c a t i v e  o b s e r v a t i o n  n o i s e  term which we c a l l  
( t ) .  Thus, 
-x 
We have s e l e c t e d  o b s e r v a t i o n  n o i s e ,  r a t h e r  t h a n  some o t h e r  
e q u i v a l e n t  r e p r e s e n t a t i o n ,  p r i m a r i l y  f o r  t h e  follow in^ r e a s o n s  : 
1. Recent  a n a l y s e s  of  human c o n t r o l l e r  remnant i n d i c a t e  
t h a t  a  model o f  n o i s e  i n j e c t e d  a t  t h e  c o n t r o l l e r ' s  
i n p u t  p r o v i d e s  a more c o n s i s t e n t  r e p r e s e n t a t i o n  o f  
remnant t h a n  does a  model o f  n o i s e  i n j e c t e d  a t  t h e  
c o n t r o l l e r ' s  o u t p u t .  I t  seems most a p p r o p r i a t e ,  t h e r e -  
f o r e ,  t o  c o n s i d e r  a n  u n d e r l y i n g  m u l t i p l i c a t i v e  s o u r c e  
r e l a t e d  t o  t h e  c o n t r o l l e r ' s  i n p u t s .  
2.  We n o t e  i n  e q u a t i o n  (15 )  above t h a t  a l l  n o i s e  te rms 
i n t e r a c t  i n  a  m u l t i p l i c a t i v e  way w i t h  t h e  v a r i a b l e s  
t h a t  a r e  d i s p l a y e d ,  o r  w i t h  t h e i r  f i r s t  d e r i v a t i v e s .  
Thus, t h e  c o n s t r u c t i o n  of  t h e  model l e n d s  i t s e l f  
most n a t u r a l l y  t o  a n  o b s e r v a t i o n  n o i s e  t r e a t m e n t .  
3. We f e e l  t h a t  a  model o f  human c o n t r o l l e r  remnant 
based  on  o b s e r v a t i o n  n o i s e  c o n s i d e r a t i o n s  w i l l  p rove  
t o  be most u s e f u l  i n  terms o f  e n g i n e e r i n g  a p p l i c a -  
t i o n s .  This  i s  e s p e c i a l l y  t r u e  i n  t h e  f i e l d  o f  d i s -  
p l a y  d e s i g n ,  s i n c e  one might r easonab ly  e x p e c t  t h e  
l e v e l  o f  t h e  c o n t r o l l e r ' s  remnant t o  be  r e l a t e d  t o  
t h e  q u a l i t i e s  of  t h e  d i s p l a y s  w i t h  which he i s  pro-  
v i d e d .  
4. Recent  developments i n  modern c o n t r o l  t h e o r y  a l l o w  
t h e  t r e a t m e n t  o f  n o i s e  added t o  t h e  sys tem s t a t e  
v a r i a b l e s .  An o b s e r v a t i o n a l  n o i s e  r e p r e s e n t a t i o n  
of  c o n t r o l l e r  remnant t h u s  f a c i l i t a t e s  t h e  a p p l i c a -  
t i o n  of  modern c o n t r o l  t h e o r y  t o  t h e  s t u d y  o f  prob- 
lems i n  manual c o n t r o l .  
S i n c e  a l l  t h e  remnant te rms i n  e q u a t i o n  ( 1 5 )  a r e  s c a l e d  by t h e  
c o n t r o l l e r ' s  g a i n  v e c t o r  5,  we can w r i t e  t h e  e x p r e s s i o n  f o r  t h e  
commanded c o n t r o l  i n p u t  a s  
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where 
Thus, a l t h o u g h  t h e  b a s i c  remnant  g e n e r a t i n g  s o u r c e s  a r e  c o n s i d e r e d  
t o  be  m u l t i p l i c a t i v e ,  i t  i s  s t i l l  p o s s i b l e  t o  r e f e r  remnant  t o  a n  
a d d i t i v e  n o i s e  p r o c e s s ,  v i z . ,  cx(t) .  T h i s  i s  i m p o r t a n t  because  o f  
t h e  l i m i t a t i o n s  o f  o u r  e x p e r i m e n t a l  p r o c e d u r e s .  Our model o f  ob- 
s e r v a t i o n  n o i s e  i s  t h u s  ana logous  t o  t h e  model o f  human randomness 
diagrammed i n  F i g u r e  1. We emphasize t h a t  t h e  i n j e c t e d  n o i s e  i s  a 
v e c t o r  p r o c e s s ;  - a l l  v a r i a b l e s  t h a t  t h e  c o n t r o l l e r  i s  a b l e  t o  d e r i v e  
from t h e  d i s p l a y  ( w h e t h e r  o r  n o t  responded t o  i n  t h e  p a r t i c u l a r  con- 
t r o l  s i t u a t i o n )  a r e  d i s t u r b e d  by l i n e a r l y  i n d e p e n d e n t  n o i s e  components .  
A 
If E x ( t )  and n, ( t )  are  l i n e a r l y  i n d e p e n d e n t  o f  e a c h  o t h e r  and  
o f  x ( t )  and x ( t ) ,  t h e  spec t rum o f  t h e  e q u i v a l e n t  i n j e c t e d  o b s e r v a t i o n  
n o i s e  may be o b t a i n e d  from c o n v o l u t i o n  o f  t h e  m a t r i x  n o i s e  spec t rum 
* 
w i t h  t h e  v e c t o r  s p e c t r u m  o f  t h e  s t a t e  v a r i a b l e s .  I n  t h e  s p e c i a l  c a s e  
f o r  which t h e  m u l t i p l i c a t i v e  n o i s e  p r o c e s s e s  a r e  w h i t e  n o i s e  p r o c e s s e s ,  
t h e  i n j e c t e d  v e c t o r  n o i s e  p r o c e s s  i s  a l s o  w h i t e  w l t h  a power d e n s i t y  
l e v e l  o f  
A 
where P and P a r e  t h e  power d e n s i t y  l e v e l s  o f  N ( t )  and n  ( t ) ,  
-x 'I 
-x T 
r e s p e c t i v e l y ,  
 h he d e g r e e  t o  which t h e  n o i s e  p r o c e s s e s  a r e  c o r r e l a t e d  w i t h  t h e  
s t a t e  v a r i a b l e s ,  and t h e  e f f e c t s  o f  such  c o r r e l a t i o n s  on o u r  mea- 
s u r e m e n t s ,  a r e  d i s c u s s e d  i n  d e t a i l  i n  Appendix A o f  t h i s  r e p o r t .  
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To summarize t h e  t h e o r e t i c a l  development t h u s  f a r ,  we have  
p o s t u l a t e d  t h a t  human c o n t r o l l e r  remnant a r i s e s  from u n d e r l y i n g  
p s y c h o p h y s i c a l  s o u r c e s  t h a t  a r e  b a s i c a l l y  m u l t i p l i c a t i v e .  Noise 
s o u r c e s  c o n s i d e r e d  a r e :  (1) o b s e r v a t i o n  n o i s e ,  ( 2 )  motor n o i s e ,  
( 3 )  t i m e - v a r i a t i o n s  i n  c o n t r o l l e r  g a i n ,  and ( 4 )  t i m e - v a r i a t i o n s  i n  
c o n t r o l l e r  t ime d e l a y .  The f i rs t  t h r e e  o f  t h e s e  p r o c e s s e s  a p p e a r  
t o  be  mathemat ica l ly  i n d i s t i n g u i s h a b l e  and a r e  lumped i n t o  a s i n g l e  
e q u i v a l e n t  m u l t i p l i c a t i v e  n o i s e  a c t i n g  on t h e  s t a t e  v a r i a b l e  v e c t o r .  
For  a n a l y t i c a l  p u r p o s e s ,  c o n t r o l l e r  remnant can  b e  c o n s i d e r e d  t o  
ar ise from i n j e c t e d  ( i . e . ,  a d d i t i v e )  o b s e r v a t i o n  n o i s e  components,  
where t h e s e  s i g n a l s  a r e  g i v e n  a s  t h e  p r o d u c t  o f  t h e  m u l t i p l i c a t i v e  
n o i s e  components w i t h  t h e  cor respond ing  s t a t e  v a r i a b l e s .  If we 
assume t h a t  t h e  m u l t i p l i c a t i v e  n o i s e  s o u r c e s  a r e  w h i t e  n o i s e  p r o c e s s e s ,  
t h e n  t h e  a d d i t i v e  o b s e r v a t i o n  n o i s e  components a r e  a l s o  w h i t e  n o i s e  
p r o c e s s e s  which s c a l e  w i t h  t h e  mean-squared l e v e l s  o f  t h e  s t a t e  
v a r i a b l e s  and t h e i r  f i r s t  d e r i v a t i v e s .  
P r e d i c t i o n s  Based on t h e  Observa t ion  Noise Model 
We now use  t h e  model of o b s e r v a t i o n  n o i s e  developed i n  t h e  
p r e c e d i n g  s e c t i o n  t o  p r e d i c t  t h e  n a t u r e  o f  human c o n t r o l l e r  remnant 
i n  s i m p l e  manual c o n t r o l  s y s t e m s ,  We s p e c i f i c a l l y  a n a l y z e  a s e t  o f  
compensatory t r a c k i n g  t a s k s  i n  which only  t h e  sys tem e r r o r  ( a  s c a l a r  
v a r i a b l e )  i s  d i s p l a y e d  e x p l i c i t l y  t o  t h e  c o n t r o l l e r .  Note t h a t  we 
cannot  c l a s s i f y  t h i s  t y p e  of  c o n t r o l  s i t u a t i o n  a s  a  " s i n g l e - v a r i a b l e "  
t r a c k i n g  t a s k ,  because  we know on t h e  b a s i s  o f  p r e v i o u s  manual con- 
t r o l  s t u d i e s  ( R e f s .  1 , 4 )  and from psychophys ica l  d a t a  ( R e f ,  2 5 )  t h a t  
t h e  c o n t r o l l e r  c a n  i n  g e n e r a l  e x t r a c t  e r r o r  r a t e  i n f o r m a t i o n  a s  w e l l .  
We s h a l l  h e n c e f o r t h  r e f e r  t o  t h i s  c l a s s  of c o n t r o l  sys tems as a  
" s i n g l e - d i s p l a y "  sys tem t o  imply a  s i n g l e  p h y s i c a l  d i s p l a y  w i t h  a  
s i n g l e  q u a n t i t y  d i s p l a y e d  t h e r e o n .  
The f o l l o w i n g  assumpt ions  a r e  made, p a r t l y  t o  s i m p l i f y  t h e  
a n a l y s i s ,  and p a r t l y  t o  app ly  necessa ry  c o n s t r a i n t s  on t h e  c o n t r o l l e r ' s  
b e h a v i o r ,  
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1. The m u l t i p l i c a t i v e  n o i s e  p r o c e s s e s  r e s p o n s i b l e  f o r  
c o n t r o l l e r  remnant a r e  s u f f i c i e n t l y  wideband s o  a s  
t o  be c o n s i d e r e d  w h i t e  n o i s e  p r o c e s s e s .  These w h i t e  
n o i s e  p r o c e s s e s  a r e  l i n e a r l y  independen t  o f  each o t h e r  
and o f  a l l  o t h e r  s i g n a l s  c i r c u l a t i n g  th rough  t h e  sys tem,  
2. The s u b j e c t  p e r c e i v e s  e r r o r  r a t e  d i r e c t l y ;  he does n o t  
e s t i m a t e  i t  by d i f f e r e n t i a t i o n  o f  h i s  e s t i m a t e s  of  t h e  
e r r o r ,  
3. The s u b j e c t  i s  n o t  a b l e  t o  o b t a i n  u s e f u l  e s t i m a t e s  o f  
second  and h i g h e r  o r d e r  d e r i v a t i v e s  o f  t h e  d i s p l a y e d  
v a r i a b l e ;  n o r  can  he  e s t i m a t e  t h e  t i m e  i n t e g r a l  o f  t h e  
d i s p l a y e d  v a r i a b l e  w i t h  s u f f i c i e n t  accuracy  t o  be o f  
u s e  i n  a manual c o n t r o l  c o n t e x t .  
4 .  The s u b j e c t  i s  a b l e  t o  c o n t r o l  t h e  ra te -o f -change  o f  
h i s  o u t p u t  ( b e  i t  f o r c e  o r  p o s i t i o n )  as w e l l  as t h e  
o u t p u t  v a r i a b l e  i t s e l f ,  
The f i r s t  assumpt ion  above was made t o  s i m p l i f y  t h e  mathe- 
m a t i c a l  a n a l y s i s .  I f  we assume t h a t  t h e  m u l t i p l i c a t i v e  observa-  
t i o n  n o i s e  p r o c e s s e s  a r e  independen t  w h i t e  n o i s e  t e r m s ,  t h e n  t h e  
e q u i v a l e n t  i n j e c t e d  o b s e r v a t i o n  n o i s e  components w i l l  a l s o  be  
w h i t e  n o i s e  p r o c e s s e s  which s c a l e  w i t h  mean-squared e r r o r  and mean- 
s q u a r e d  e r r o r  r a t e ,  a s  i l l u s t r a t e d  by e q u a t i o n  ( 1 9 ) .  T h i s  p r e d i c -  
t i o n  i s  c o n s i s t e n t  w i t h  some o f  t h e  remnant d a t a  o b t a i n e d  by E l k i n d  
(Ref .  21, as a n a l y z e d  by McRuer and Krendel  (Ref .  3 ) .  
The second assumpt ion  i s  s u p p o r t e d  by t h e  d i r e c t  p s y c h o p h y s i c a l  
ev idence  reviewed i n  Chap te r  11. There i s  no d i r e c t  ev idence  t o  
s u p p o r t  assumpt ions  3  and 4 .  They a r e  j u s t i f i e d  p r i m a r i l y  on t h e  
grounds t h a t  t h e y  l e a d  t o  a s i m p l e ,  c o n s i s t e n t  model o f  c o n t r o l l e r  
9 
remnant .  We c a n  t a k e  some comfor t  i n  t h e  f a c t  t h a t  t h e r e  is  i n d i r e c t  
s u p p o r t  f o r  t h e  assumpt ion  c o n c e r n i n g  t h e  h i g h e r  o r d e r  d e r i v a t i v e s  
i n  t h e  s t u d i e s  o f  Birmingham and T a y l o r  (Ref. 2 7 )  on sys tems w i t h  
quickened d i s p l a y .  I n  a d d i t i o n ,  t h e r e  i s  abundant  neurophysio log-  
i c a l  ev idence  t h a t  t h e  human can s e n s e  h i s  o u t p u t  r a t e  (Ref .  28) 
t h u s  making assumpt ion  4 more p l a u s i b l e .  
n 
A s  a n  h i s t o r i c a l  a s i d e ,  much o f  t h e  t h e o r e t i c a l  development p re -  
s e n t e d  i n  t h i s  s e c t i o n  b e n e f i t s  from t h e  c o n s i d e r a b l e  h i n d s i g h t  
g a i n e d  from h a v i n g  f i r s t  a n a l y z e d  our  remnant d a t a .  N e v e r t h e l e s s ,  
t h e  l o g i c a l  f low o f  t h e  i n f o r m a t i o n  c o n t a i n e d  i n  t h i s  r e p o r t  is 
c o n s i d e r a b l y  enhanced i f  o u r  " p r e d i c t i o n s "  a r e  d i s c u s s e d  a t  t h i s  s t a g e .  
Report  No. 1731 B o l t  E e r a n e k  and  Piewman I n c  
We have had t o  make t h e  assumpt ions  concern ing  t h e  human's per -  
c e p t u a l  and response  c a p a b i l i t i e s  because  p r o p e r  a p p l i c a t i o n  o f  t h e  
o b s e r v a t i o n  n o i s e  model i s  c r u c i a l l y  dependent  upon such c o n s i d e r a -  
t i o n s .  Before  we a r e  a b l e  t o  a s s o c i a t e  n o i s e  p r o c e s s e s  w i t h  each  
o f  t h e  v a r i a b l e s  e s t i m a t e d  by t h e  c o n t r o l l e r ,  we must d e t e r m i n e  
what t h o s e  v a r i a b l e s  a r e .  Cons ide r ,  f o r  example, a  compensatory 
t r a c k i n g  s i t u a t i o n  i n  which t h e  v e h i c l e  dynamics a r e  a  s i m p l e  g a i n  
and t h e  e r r o r  p o s i t i o n  i s  d i s p l a y e d .  From t h e  d e s c r i b i n g  f u n c t i o n  
d a t a  r e p o r t e d  i n  t h e  l i t e r a t u r e  (Refs .  1 - 4 )  we know t h a t  t h e  con- 
t r o l l e r ' s  c o n t r o l  s t r a t e g y ,  t o  a  f i r s t  approx imat ion ,  i s  t o  a c t  as a n  
i n t e g r a t o r  on t h e  e r r o r .  There a r e  a t  l e a s t  two ways i n  which he  
might  do t h i s :  (1) he  may a t t e m p t  t o  make h i s  c o n t r o l  o u t p u t  pro- 
p o r t i o n a l  t o  h i s  e s t i m a t e  o f  t h e  i n t e g r a l  o f  t h e  d i s p l a y e d  e r r o r ,  
o r  ( 2 )  he  may simply e s t i m a t e  t h e  e r r o r  and use  t h i s  i n f o r m a t i o n  
t o  c o n t r o l  h i s  o u t p u t  r a t e .  The two models o f  p e r c e p t i o n  and r e -  
s p o n s e  a r e  e n t i r e l y  e q u i v a l e n t  i n  te rms of  t h e  c o n t r o l l e r ' s  des -  
c r i b i n g  f u n c t i o n ,  b u t  - n o t  i n  te rms o f  t h e  remnant t h a t  we w i l l  
p r e d i c t .  I n  t h e  f i rs t  c a s e  we would add a  w h i t e  n o i s e  te rm t o  t h e  
s i g n a l  co r respond ing  t o  t h e  i n t e g r a l  o f  t h e  e r r o r ,  which i s  a lmos t  
e q u i v a l e n t  a n a l y t i c a l l y  t o  add ing  a n  i n t e g r a t e d  w h i t e  n o i s e  p r o c e s s  
t o  t h e  e r r o r ;  i n  t h e  second c a s e ,  we would add t h e  w h i t e  observa-  
t i o n  n o i s e  p r o c e s s  d i r e c t l y  t o  sys tem e r r o r .  The s p e c t r a l  cha rac -  
t e r i s t i c s  of t h e  c losed- loop  c o n t r o l l e r  remnant w i l l  obv ious ly  
d i f f e r  a c c o r d i n g  t o  which model i s  chosen.  
According t o  t h e  above assumpt ions ,  t h e  c o n t r o l l e r ' s  percep-  
t u a l  and r e s p o n s e  a c t i v i t i e s ,  when r e q u i r e d  t o  c o n t r o l  a  s i n g l e -  
d i s p l a y  sys tem,  a r e  l i m i t e d  t o :  (1) e s t i m a t i o n  of  sys tem e r r o r ,  
( 2 )  e s t i m a t i o n  o f  e r r o r  r a t e ,  ( 3 )  e x p l i c i t  c o n t r o l  o f  h i s  o u t p u t  
v a r i a b l e ,  and ( 4 )  e x p l i c i t  c o n t r o l  of  t h e  ra te-of-change o f  h i s  
o u t p u t  v a r i a b l e .  I n  a d d i t i o n ,  t h e  c o n t r o l l e r  g e n e r a t e s  wha tever  
i n p u t - o u t p u t  t r a n s f o r m a t i o n s  a r e  a p p r o p r i a t e .  A model f o r  con- 
t r o l l e r  b e h a v i o r  which i n c l u d e s  a l l  t h e s e  o p e r a t i o n s  i s  shown i n  
F i g u r e  4 .  I n  o r d e r  t o  keep t h e  a n a l y s i s  ma themat ica l ly  t r a c t a b l e ,  
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we assume t h a t  t h e  c o n t r o l l e r  g e n e r a t e s  a  four-e lement  g a i n  network 
e 
t o  t r a n s f o r m  h i s  e s t i m a t e s  o f  e r r o r ,  x ,  and e r r o r  r a te ,  x ,  i n t o  a 
commanded c o n t r o l  p o s i t i o n  uo and a commanded c o n t r o l  r a t e  Go.  Two 
a d d i t i v e  o b s e r v a t i o n  n o i s e  p r o c e s s e s ,  rx and r;, a r e  a s s o c i a t e d  
w i t h  t h e  i n p u t  v a r i a b l e s  x  and ;, r e s p e c t i v e l y .  We assume f u r t h e r  
t h a t  t h e  c o n t r o l l e r  compares t h e  commanded c o n t r o l  s i g n a l s  w i t h  h i s  
a c t u a l  c o n t r o l  b e h a v i o r  u  and ; t o  y i e l d  t h e  e r r o r  s i g n a l s  e U  and e;. 
These s i g n a l s  a r e  a c t e d  upon by t h e  g a i n s  K U  and K;, t h e  o u t p u t s  o f  
which a r e  summed and p r o c e s s e d  by t h e  f i n a l  common pathway H n ( s )  
i n t o  which we a r e  lumping t h e  c o n t r o l l e r ' s  t ime  d e l a y  and o t h e r  
a s p e c t s  o f  t h e  neuromuscular  sys tem dynamics,  
This  model i s  n o t  meant t o  be t a k e n  l i t e r a l l y  from a  neuro- 
l o g i c a l  p o i n t  o f  view. It i s  one o f  p o s s i b l y  many models t h a t  
w i l l  p r o v i d e  t h e  d e g r e e  o f  freedom i n  t h e  c o n t r o l l e r ' s  r e s p o n s e  
n e c e s s a r y  t o  match o u r  remnant d a t a .  The model i s  n e v e r t h e l e s s  
p h y s i c a l l y  r e a s o n a b l e  i n  t h a t  i t  does n o t  imply any t y p e  o f  s i g n a l  
p r o c e s s i n g  t h a t  i s  i m p o s s i b l e  f o r  t h e  c o n t r o l l e r  t o  perform.  
Let  us now a n a l y z e  t h e  model o f  F i g u r e  4 t o  show t h a t  i t  pre -  
d i c t s  a d e s c r i b i n g  f u n c t i o n  o f  a  form t h a t  i s  c o n s i s t e n t  w i t h  r e -  
s u l t s  r e p o r t e d  i n  t h e  l i t e r a t u r e ,  We d e f i n e  t h e  c o n t r o l l e r ' s  de- 
s c r i b i n g  f u n c t i o n  a s  t h e  b e s t  l i n e a r  r e l a t i o n s h i p  between t h e  i n p u t -  
c o r r e l a t e d  p o r t i o n  o f  t h e  c o n t r o l  s i g n a l  t o  t h e  i n p u t - c o r r e l a t e d  
p o r t i o n  o f  t h e  sys tem e r r o r .  S i n c e  t h e  n o i s e  terms rx and r; a r e ,  
by assumpt ion ,  l i n e a r l y  u n c o r r e l a t e d  w i t h  t h e  system f o r c i n g  func-  
t i o n ,  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n  H ( s )  may be d e r i v e d  from 
F i g u r e  4 a s  t h e  r e l a t i o n s h i p  between U ( s )  and X ( s )  w i t h  t h e  n o i s e  
te rms s e t  t o  z e r o .  Thus, 
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where t h e  K ' s  a r e  g a i n  components and Hn r e p r e s e n t s  a  dynamical  
% 
sys tem.  Note t h a t ,  e x c e p t  f o r  t h e  dynamics c o n t a i n e d  i n  H n ,  t h e  
t r a n s f e r  f u n c t i o n  c o n t a i n s  a s i n g l e  p o l e  and a  s i n g l e  z e r o .  S i n c e  
only  t h r e e  pa ramete r s  a r e  n e c e s s a r y  t o  d e s c r i b e  such a sys tem 
( t h e  remain ing  p a r a m e t e r  b e i n g  a n  o v e r a l l  s c a l e  f a c t o r ) ,  t h e  number 
of g a i n  components may be  reduced t o  t h r e e  w i t h o u t  a  l o s s  i n  gener -  
a l i t y .  
Let  
K' = [Kku 
x KU + K; K;] / K; 
I f  we r e s t r i c t  o u r  i n v e s t i g a t i o n  t o  low and mid f r e q u e n c i e s  where 
t h e  e f f e c t s  o f  Hn are n e g l i g i b l e  ( i . e . ,  where Hn i s  e f f e c t i v e l y  
u n i t y ) ,  t h e  model of e q u a t i o n  ( 2 0 )  r e d u c e s  t o  t h e  f o l l o w i n g  
W W  
approx imat ion :  
We have now a r r i v e d  a t  a  model f o r  t h e  c o n t r o l l e r l s  d e s c r i b i n g  
f u n c t i o n  which i s  s i m i l a r  t o  t h e  l e a d - l a g  c r o s s o v e r  model of  McRuer, 
e t  a 1  ( R e f .  4 ) ,  minus t h e  e f f e c t i v e  human c o n t r o l l e r  t i m e  d e l a y .  
The s i g n i f i c a n t  f e a t u r e  o f  our  model development i s  t h a t  i t  was 
based  on very  e x p l i c i t  r e p r e s e n t a t i o n s  o f  t h e  c o n t r o l l e r l s  percep-  
t u a l  and response  p r o c e s s e s .  Such d e t a i l  i s  n e c e s s a r y  s o  t h a t  
t h a t  w e  can  o b t a i n  a c c u r a t e  p r e d i c t i o n s  o f  c o n t r o l l e r  remnant .  
Z 
For  n o t a t i o n a l  conven ience ,  we s h a l l  g e n e r a l l y  omit t h e  arguments  
( s )  and ( j w )  from frequency-domain r e p r e s e n t a t i o n s  o f  sys tem com- 
ponen t s  and s i g n a l s .  
3 %  
A c t u a l l y ,  t h i s  a s sumpt ion  i s  only  made f o r  convenience;  t h e  p r e d i c t e d  
o b s e r v a t i o n  n o i s e  s p e c t r a  a r e  u n a l t e r e d  i f  Hn i s  c a r r i e d  a l o n g  i n  
t h e  a n a l y s i s .  
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Before  p roceed ing  w i t h  a n  a n a l y s i s  o f  remnant ,  w e  s h o u l d  p o i n t  
o u t  t h a t  t h e  above model i s  c a p a b l e  o f  approx imat ing  r e a s o n a b l y  w e l l  
t h e  low and mid f requency c h a r a c t e r i s t i c s  o f  t h e  c o n t r o l l e r ' s  de- 
s c r i b i n g  f u n c t i o n s  o b t a i n e d  w i t h  s i m p l e  v e h i c l e  dynamics. By appro-  
p r i a t e  a d j u s t m e n t s  of  t h e  g a i n s  K x ,  K;, and K;, t h e  c o n t r o l l e r  can  
a d j u s t  h i s  d e s c r i b i n g  f u n c t i o n  t o  approximate  i n t e g r a t i o n  ( f o r  K 
dynamics) ,  d i f f e r e n t i a t i o n  ( f o r  K / S ~  dynamics)  , and ,  by l o c a t i n g  
t h e  p o l e  and z e r o  a t  n e a r l y  i d e n t i c a l  f r e q u e n c i e s ,  he can  a c t  a s  a 
s i m p l e  g a i n  ( f o r  K / s  dynamics) .  
I n  o r d e r  t o  p r e d i c t  t h e  s p e c t r a l  c h a r a c t e r i s t i c s  o f  c o n t r o l l e r  
remnant ,  we must a n a l y z e  a  model o f  t h e  e n t i r e  man-vehicle sys tem.  
A f low diagram o f  a  g e n e r a l i z e d  s i n g l e - d i s p l a y  t r a c k i n g  s i t u a t i o n  
i s  shown i n  F i g u r e  5.  The o b s e r v a t i o n  n o i s e  s o u r c e s  a s s o c i a t e d  
w i t h  t h e  e s t i m a t i o n  o f  x and a r e  assumed t o  be w h i t e  w i t h  power 
d e n s i t y  l e v e l s  o f  Rx and R;. No r e s t r i c t i o n  i s  p l a c e d  on t h e  
v e h i c l e  dynamics, V,  o t h e r  t h a n  t h a t  t h e  system be  c o n t r o l l a b l e  
when only  t h e  sys tem e r r o r  v a r i a b l e  i s  d i s p l a y e d .  
S i n c e  t h e  n o i s e  s o u r c e s  rx ( t )  and r;(t) a r e  assumed t o  b e  
l i n e a r l y  independen t  o f  each o t h e r  and o f  t h e  i n p u t  i ( t ) ,  t h e  t o t a l  
c o n t r o l  power spect rum QUU can  b e  c o n s i d e r e d  a s  t h e  l i n e a r  combina- 
t i o n  o f  t h e  power s p e c t r a  produced b y  each of  t h e s e  t h r e e  i n p u t s  
a c t i n g  a l o n e .  We f i n d  i t  conven ien t  t o  combine t h e  r e s p o n s e s  t o  
r and r i  i n t o  a s i n g l e  remnant spect rum.  We t h u s  p a r t i t i o n  t h e  
X 
c o n t r o l  power spect rum i n t o  - two components: 
where m u u  i s  t h e  i n p u t - c o r r e l a t e d  p o r t i o n  of  t h e  c o n t r o l l e r ' s  
r e s p o n s e  and @ i s  t h e  c o n t r o l l e r  remnant r e s u l t i n p  from t h e  
uu- j o i n t  e f f e c t s  o fL ' the  o b s e r v a t i o n  n o i s e  i n p u t s .  
From t h e  model o f  F i g u r e  5 we compute t h a t  
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F I G . 5  FLOW DIAGRAM OF THE SINGLE-DISPLAY CONTROL SITUATION 
( T h e  v e h i c l e  o u t p u t  i s  d e f i n e d  a s - x  s o  t h a t  we may a d o p t  
t h e  s t a n d a r d  p r a c t i c e  o f  i n d i c a t i n g  n e g a t i v e  f e e d b a c k )  
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where H i s  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n  as g i v e n  by 
e q u a t i o n  ( 2 2 ) .  
We c o u l d ,  a t  t h i s  s t a g e ,  u s e  e q u a t i o n  ( 2 4 )  t o  p r e d i c t  t h e  
c h a r a c t e r i s t i c s  of t h e  c losed- loop  remnant t h a t  we e x p e c t  t o  see 
i n  v a r i o u s  s i n g l e - d i s p l a y  s i t u a t i o n s .  We have  found i t  more f r u i t -  
f u l ,  however,  t o  r e f l e c t  t h e  c losed- loop  remnant spect rum @ t o  
u u ~  
a n  e q u i v a l e n t  s c a l a r  open-loop n o i s e  p r o c e s s  Or, i n j e c t e d  a t  one 
o f  t h e  c o n t r o l l e r ' s  i n p u t s .  The c h o i c e  o f  a  p a r t i c u l a r  i n p u t  t o  
which t o  r e f e r  t h e  remnant i s  somewhat a r b i t r a r y  and s h o u l d  n o t  
a f f e c t  t h e  mode l ' s  v a l i d i t y ;  n e v e r t h e l e s s ,  t h e  c h o i c e  does a f f e c t  
t h e  i n t e r p r e t a t i o n  o f  t h e  d a t a .  Our r u l e  of thumb h a s  b e e n  t o  p i c k  
t h e  " r e f e r e n c e  p o i n t "  which y i e l d s  t h e  most r e a d i l y  i n t e r p r e t a b l e  
r e s u l t s .  Once we have p i c k e d  t h e  remnant i n j e c t i o n  p o i n t ,  we norm- 
a l i z e  t h e  spec t rum w i t h  r e s p e c t  t o  t h e  mean-squared v a l u e  o f  t h e  
c o r r e s p o n d i n g  v a r i a b l e  , 
We have chosen t o  examine a n  e q u i v a l e n t  s c a l a r  n o i s e  i n j e c t i o n  
p r o c e s s ,  because  o u r  measurement t e c h n i q u e s  do n o t  r e a d i l y  p e r m i t  
us  t o  r e f l e c t  a s i n g l e  spec t rum,  @ , back t o  a  v e c t o r  p r o c e s s  con- 
uur 
s i s t i n g  o f  t h e  two i n p u t  s p e c t r a  Rx and R;. Such a  p r o c e d u r e  would 
b e  e q u i v a l e n t  t o  a t t e m p t i n g  t o  de tk rmine  two unknowns on t h e  b a s i s  
of a s i n g l e  e q u a t i o n .  Le t  u s ,  t h e n ,  c o n s i d e r  a n  e q u i v a l e n t  n o i s e  
p r o c e s s  i n j e c t e d  o n t o  t h e  d i s p l a y  v a r i a b l e ,  x ,  ( i . e . ,  t h e  s y s t e m  
e r r o r ) .  With r e f e r e n c e  t o  t h e  f low diagram of F i g u r e  5 ,  t h i s  pro-  
c e d u r e  r e p r e s e n t s  t h e  a d d i t i o n  o f  a n o i s e  term on t h e  v a r i a b l e  
l a b e l l e d  "xtt  which i s  o u t s i d e  o f  t h e  c o l l e c t i o n  o f  e l ements  i n c l u d e d  
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i n  t h e  "model of t h e  human c o n t r o l l e r . "  (Note t h a t  t h i s  i s  n o t  k c -  
e s s a r i l y  e q u i v a l e n t  t o  s e t t i n g  r; t o  z e r o  and c o n s i d e r i n g  t h e  s i n g l e  
n o i s e  s o u r c e  rx . )  The q u e s t i o n  we ask  t h e n ,  i s :  What a r e  t h e  char -  
a c t e r i s t i c s  o f  a  s c a l a r  n o i s e  p r o c e s s ,  i n j e c t e d  a t  sys tem e r r o r ,  t h a t  
we can  e x p e c t  t o  compute i f  c o n t r o l l e r  remnant i s  r e a l l y  caused by a  
v e c t o r  n o i s e  p r o c e s s  w i t h  w h i t e  n o i s e  components i n j e c t e d  a t  t h e  
v a r i a b l e s  x 1  and i t ?  
A s  we show i n  Chapter  I V  of t h i s  r e p o r t  ( i n  which we d e s c r i b e  
our  c o m p u t a t i o n a l  t e c h n i q u e s  i n  d e t a i l ) ,  t h e  e q u i v a l e n t  i n j e c t e d  
n o i s e  spect rum can  be  computed from measurements of  t h e  i n p u t -  
r r x  
and remnan t - re la ted  p o r t i o n s  o f  t h e  c o n t r o l  spec t rum,  p l u s  addi -  
t i o n a l  known q u a n t i t i e s .  Th i s  spec t rum i s  g i v e n  a s  
where t h e  s u b s c r i p t  ( x )  d e n o t e s  t h e  v a r i a b l e  t o  which c o n t r o l l e r  
remnant i s  r e f l e c t e d .  From e q u a t i o n  ( 2 4 )  we c a l c u l a t e  t h a t  
where T i s  a  t ime c o n s t a n t  e q u a l  t o  K;/Kx. 
Note t h e  f u n c t i o n a l  dependence o f  t h e  denominator  o f  m r r  on 
X 
t h e  frequency v a r i a b l e  w .  The numerator ,  on t h e  o t h e r  hand,  i s  
s imply  t h e  weighted  sum o f  two w h i t e  n o i s e  p r o c e s s e s .  Thus, @ 
rrx 
can  be  e x p e c t e d ,  i n  g e n e r a l ,  t o  resemble  a  f i r s t - o r d e r  n o i s e  pro-  
c e s s .  
We can  t a k e  advan tage  of  e q u a t i o n  ( l g ) ,  which a l l o w s  us t o  r e -  
l a t e  a w h i t e  i n j e c t e d  o b s e r v a t i o n  n o i s e  p r o c e s s  t o  w h i t e  m u l t i p l i c a -  
t i v e  n o i s e  p r o c e s s e s .  Let  
56 
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where Px and Pi r e p r e s e n t  t h e  power d e n s i t y  l e v e l s  o f  t h e  e q u i v a l e n t  
m u l t i p l i c a t i v e  p r o c e s s e s  a s s o c i a t e d  w i t h  e s t i m a t i o n  o f  e r r o r  and 
e r r o r  ra te ,  r e s p e c t i v e l y ,  and PT i s  t h e  power d e n s i t y  l e v e l  o f  t h e  
m u l t i p l i c a t i v e  w h i t e  n o i s e  p r o c e s s  a s s o c i a t e d  w i t h  v a r i a t i o n s  i n  
t h e  c o n t r o l l e r ' s  t ime  d e l a y .  S u b s t i t u t i n g  e q u a t i o n s  (27)  i n t o  
e q u a t i o n  ( 2 6 ) ,  and n o r m a l i z i n g  w i t h  r e s p e c t  t o  mean-squared e r r o r ,  
we o b t a i n  
I n s p e c t i o n  o f  e q u a t i o n  ( 2 e )  a l l o w s  us t o  p r e d i c t  some o f  t h e  
c h a r a c t e r i s t i c s  of  t h e  normal ized  o b s e r v a t i o n  n o i s e  w i t h o u t  hav ing  
t o  s p e c i f y  t h e  v e h i c l e  dynamics. I f  o u r  t h e o r e t i c a l  model o f  con- 
t r o l l e r  remnant i s  v a l i d ,  t h e n  we s h o u l d  f i n d  e x p e r i m e n t a l l y  t h a t :  
1. The b a s i c  f requency dependency o f  t h e  normal ized  obse rva -  
t i o n  n o i s e  i s  f i r s t - o r d e r ,  r e g a r d l e s s  o f  i n p u t  s p e c t r a l  
c h a r a c t e r i s t i c s  and t h e  v e h i c l e  dynamics,  
2 .  V a r i a t i o n s  i n  v e h i c l e  dynamics w i l l  a f f e c t  t h e  b reak-  
f r equency  of  t h i s  n o i s e  p r o c e s s  because  o f  t h e  a d a p t i v e  
changes t h a t  o c c u r  i n  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  func- 
t i o n  ( h e n c e ,  i n  t h e  r a t i o  K;/Kx). Changes i n  dynamics 
may a l s o  i n f l u e n c e  t h e  l e v e l  of  t h e  o b s e r v a t i o n  n o i s e  
2 2 th rough  changes i n  t h e  ratios o$/o :  and op/ox . 
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3. Mean-squared v a l u e  o f  t h e  i n p u t  a f f e c t s  n e i t h e r  
t h e  magnitude nor  s p e c t r a l  shape  o f  t h e  normal ized  
o b s e r v a t i o n  n o i s e  s o  long  a s  t h e  man-vehicle  sys tem 
o p e r a t e s  i n  a  l i n e a r  r a n g e .  
4 ,  Changes i n  t h e  shape  o f  t h e  i n p u t  spec t rum ( s p e c i f i c -  
a l l y ,  changes i n  i n p u t  bandwidth)  w i l l  a f f e c t  t h e  mag- 
n i t u d e  of  t h e  normal ized  b s e r v a t i o n  n o i s e  by v a r y i n g  9 t h e  r a t i o s  o$/oz and C J $ / ~ ~ .  I n p u t  bandwidth s h o u l d  
n o t  have a  s i g n i f i c a n t  e f f e c t  on t h e  b r e a k  f requency  
of t h e  n o i s e  spect rum because  of t h e  r e l a t i v e  i n s e n s -  
i t i v i t y  o f  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n  t o  i n -  
p u t  p a r a m e t e r s ,  p r o v i d e d  t h a t  t h e  i n p u t  bandwidth i s  
s u f f i c i e n t l y  below t h e  g a i n - c r o s s o v e r  f requency ( R e f .  4 ) .  
A d d i t i o n a l  p r e d i c t i o n s  on t h e  b e h a v i o r  o f  t h e  normal ized  ob- 
s e r v a t i o n  n o i s e  spec t rum can  be  o b t a i n e d  i f  we s p e c i f y  t h e  v e h i c l e  
dynamics and draw upon o u r  knowledge o f  how human c o n t r o l l e r s  r e -  
spond i n  s p e c i f i c  c o n t r o l  s i t u a t i o n s .  Cons ide r  t h e  s i t u a t i o n  i n  
which t h e  v e h i c l e  dynamics a r e  a  s i m p l e  g a i n .  We know from e x p e r i -  
men ta l  r e s u l t s  r e p o r t e d  i n  t h e  l i t e r a t u r e  ( R e f s .  1 - 4 )  t h a t  t h e  con- 
t r o l l e r  w i l l  a t t e m p t  t o  g e n e r a t e  a d e s c r i b i n g  f u n c t i o n  t h a t  r e s e m b l e s  
a  f i r s t - o r d e r  sys tem w i t h  a  r e l a t i v e l y  low b r e a k  f requency .  Inspec-  
t i o n  of  e q u a t i o n  ( 2 2 )  i n d i c a t e s  t h a t  t h e  c o n t r o l l e r  t h e r e f o r e  s h o u l d  
s e t  h i s  l e a d  t e rm,  K; t o  z e r o .  With t h e  t ime  c o n s t a n t  T t h u s  s e t  t o  
ze ro ,  e q u a t i o n  ( 2 8 )  t h e n  s i m p l i f i e s  t o  
Thus, f o r  s i m p l e  g a i n  dynamics, t h e  measured normal ized  o b s e r v a t i o n  
n o i s e  w i l l  be  a  w h i t e  n o i s e  p r o c e s s  and w i l l  be  e q u a l  t o  t h e  m u l t i -  
p l i c a t i v e  n o i s e  p r o c e s s  a s s o c i a t e d  w i t h  t h e  e s t i m a t i o n  o f  sys tem 
e r r o r  p l u s  a  te rm a r i s i n g  from t ime  d e l a y  v a r i a t i o n s ,  We s h o u l d  
be a b l e  t o  t e l l  whe the r  o r  n o t  t ime d e l a y  v a r i a t i o n s  a r e  more o r  
l e s s  i m p o r t a n t  t h a n  o t h e r  s o u r c e s  by o b s e r v i n g  t h e  v a r i a t i o n s  o f  
t h e  n o i s e  spect rum w i t h  r e s p e c t  t o  changes i n  t h e  02/02 r a t i o ;  
X 
p r o v i d e d ,  o f  c o u r s e ,  t h a t  we can  d e s i g n  a n  exper iment  which v a r i e s  
t h i s  r a t i o .  
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Let  us now c o n s i d e r  v e h i c l e  dynamics of  p u r e  acceleration, 
2  K / s  . We know i n  t h i s  s i t u a t i o n  t h a t  t h e  c o n t r o l l e r  a t t e m p t s  t o  
a c t  as a  d i f f e r e n t i a t o r .  From e q u a t i o n  ( 2 2 )  we conc lude  t h a t  Kx 
s h o u l d  t h e n  be very c l o s e  t o  z e r o .  It cannot  be e x a c t l y  z e r o ,  o f  
c o u r s e ,  because  t h e  sys tem e r r o r  would t h e n  e v e n t u a l l y  i n c r e a s e  
w i t h o u t  l i m i t .  N e v e r t h e l e s s ,  t h e  magnitude of  t h i s  g a i n  c o e f f i c i e n t  
i s  s o  s m a l l  t h a t  i t s  e f f e c t s  cannot  b e  s e e n  i n  t h e  K / S ~  d e s c r i b i n g  
f u n c t i o n  measurements o f  e i t h e r  McRuer, e t  a 1  o r  Lev i son  and E l k i n d  
(Ref .  1). T h e r e f o r e ,  we s h a l l  assume t h a t  n e g l i g i b l e  e r r o r  w i l l  be  
i n c u r r e d  i n  o u r  p r e d i c t i o n s  of  c o n t r o l l e r  remnant b e h a v i o r  i f  we 
assume K x  t o  be ze ro  i n  t h i s  c o n t r o l  s i t u a t i o n .  
2 We have found t h a t  t h e  K / s  r e s u l t s  a r e  more r e a d i l y  i n t e r p r e t e d  
when c o n t r o l l e r  remnant i s  r e f l e c t e d  t o  e r r o r  r a t e  and normal ized  ac- 
c o r d i n g l y .  Th i s  t r a n s f o r m a t i o n  i s  accomplished by t h e  o p e r a t i o n  
where 9kr i n  t h i s  c a s e  i s  t h e  asympto t i c  s o l u t i o n  of  e q u a t i o n  ( 2 8 )  
X 
~ h u s ,  Q rr; = P; + T ; ( ~ ; ~ / ~ X ~ ) P ,  
which i s  e q u a l  t o  t h e  e q u i v a l e n t  m u l t i p l i c a t i v e  n o i s e  p r o c e s s  t h a t  
we have  assumed t o  be a s s o c i a t e d  w i t h  e r r o r  r a t e  p l u s  t h e  e f f e c t s  
of t ime-delay  v a r i a t i o n s .  A s  i n  t h e  p r e v i o u s  example, p r o p e r  ex- 
p e r i m e n t a l  d e s i g n  shou ld  a l l o w  us t o  d i f f e r e n t i a t e  between t h e  ef- .  
f e c t s  of  t i m e  d e l a y  v a r i a t i o n s  and o t h e r  remnant s o u r c e s .  
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We have  now shown t h a t  when t h e  v e h i c l e  d y n m f c s  a r e  e i t h e r  
K o r  K / s ~ ,  p r o p e r  ma themat ica l  t r e a t m e n t  o f  t h e  c o n t r o l l e r  remnant 
w i l l  a l l o w  us t o  i d e n t i f y  o u r  measurements d i r e c t l y  w i t h  t h e  m u l t i -  
p l i c a t i v e  w h i t e  n o i s e  p r o c e s s e s  presumed t o  b e  a s s o c i a t e d  w i t h  e s -  
t i m a t i o n  o f  sys tem e r r o r  and e s t i m a t i o n  o f  e r r o r  r a t e .  V e h i c l e  
dynamics o f  K / s ,  however,  p r o v i d e  a more compl ica ted  measurement 
s i t u a t i o n .  We know t h a t  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n  w i l l  
approx imate ly  resemble  a s i m p l e  g a i n  ( p l u s  a n  e f f e c t i v e  t ime  d e l a y ,  
which w e  have been n e g l e c t i n g  i n  t h e  d e s c r i b i n g - f u n c t i o n  a n a l y s i s ) .  
Equa t ion  ( 2 2 )  shows u s ,  however, t h a t  t h i s  r e q u i r e m e n t  does n o t  
c o n s t r a i n  h i s  s t r a t e g y  t o  t h e  same e x t e n t  a s  do v e h i c l e  dynamics 
of  e i t h e r  K o r  K / s .  To a c h i e v e  a pure  g a i n  d e s c r i b i n g  f u n c t i o n ,  
t h e  c o n t r o l l e r  needs only  t o  a d j u s t  t h e  b r e a k  f requency  o f  t h e  
numerator  term t o  match t h e  b r e a k  f requency  o f  t h e  denominator  
term. A l l  we c a n  p r e d i c t ,  t h e n ,  i s  t h e  r e l a t i o n s h i p  
S i n c e  we canno t  p r e d i c t  how t h e  c o n t r o l l e r  w i l l  choose K;, u n l e s s  
we employ a n  o p t i m a l  c o n t r o l  scheme which i s  beyond t h e  scope  of 
% 
t h i s  r e p o r t ,  we canno t  p r e d i c t  t h e  b r e a k  f requency  o f  t h e  normal ized  
o b s e r v a t i o n  n o i s e  p r o c e s s .  The b e s t  we can do f o r  t h i s  c o n t r o l  
s i t u a t i o n  i s  t o  p r e d i c t  t h a t  t h e  o b s e r v a t i o n  n o i s e  spect rum,  nor- 
ma l i zed  w i t h  r e s p e c t  t o  mean-squared e s r o r ,  w i l l  b e  low-pass o f  
t h e  form i n d i c a t e d  i n  e q u a t i o n  ( 2 8 ) .  
S i n c e  we have a v a i l a b l e  t h e  r e s u l t s  o f  t r a c k i n g  exper iments  
conducted w i t h  v e h i c l e  dynamics o f  K ,  K / s  ,and K / s ~ ,  we c a n  pe r fo rm 
t h e  f o l l o w i n g  t e s t  t o  d e t e r m i n e  whether  o r  n o t  o u r  remnant d a t a  
a r e  s e l f - c o n s i s t e n t .  Let  a '  ( o )  and @I r e p r e s e n t  t h e  normal ized  
r r ~  
' A  b r i e f  d e s c r i p t i o n  o f  a n  a p p r o p r i a t e  o p t i m a l  c o n t r o l  scheme i s  
g i v e n  i n  Chapter  V I .  
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o b s e r v a t i o n  n o i s e  s p e c t r a ,  r e f e r r e d  t o  sys tem e r r o r ,  o b t a i n e d  w i t h  
v e h i c l e  dynamics of K a c d  K / s ,  r e s p e c t i v e l y ;  l e t  @ A r .  ( 2 )  r e p r e s e n t  
X 
t h e  n o r m a l i z e d  o b s e r v a t i o n  n o i s e  spec t rum,  r e f e r r e d  t o  e r r o r  r a t e ,  ( F )  a r e  ( o )  and @ A r  o b t a i n e d  w i t h  K / s 2  dynarcics.  Ro t inp  t h a t  @ir 
X X 
e q u i v a l e n t  t o  t h e  e x p r e s s i o n s  on t h e  r i g h t - h a n d  s i d e s  o f  e o u a t i o n s  
( 2 9 )  and ( 3 1 ) ,  r e s p e c t i v e l y ,  we may t h e n  r e - w r i t e  e q u a t i o n  ( 2 8 )  as 
S i n c e  c P 1  ( 0 1 ,  @ d l )  ( 2 ) ,  a r e  no rmal i zed  o b s e r v a t i o n  n o i s e  
r r ~  rrx 
s p e c t r a  o b t a i n e d  from i n d e p e n d e n t  manual c o n t r o l  e x p e r i m e n t s ,  
e q u a t i o n  ( 3 3 )  w i l l  h o l d  on ly  i f  t h e  d a t a  a r e  i n t e r n a l l y  c o n s i s t e n t .  
S p e c i f i c a l l y ,  t h i s ,  e x p r e s s i o n  w i l l  a l l o w  us t o  d e t e r m i n e  w h e t h e r  
t h e  magni tude  o f  t h e  n o r m a l i z e d  o b s e r v a t i o n  n o i s e  o b t a i n e d  e x p e r i -  
m e n t a l l y  w i t h  K / s  dynamics i s  c o n s i s t e n t  w i t h  t h e  l e v e l s  o f  t h e  
o b s e r v a t i o n  n o i s e  p r o c e s s e s  o b t a i n e d  w i t h  K and K / s 2  dynamics .  
(We do n o t  have a c o n s i s t e n c y  check on t h e  b r e a k  f r e q u e n c y ,  however ,  
s i n c e  t h i s  can  b e  e s t i m a t e d  on ly  from t h e  K / s  measurements . )  
Summary o f  T h e o r e t i c a l  Development 
Befo re  examining t h e  e x p e r i m e n t a l  d a t a ,  l e t  us  r ev iew t h e  h igh-  
l i g h t s  o f  t h i s  c h a p t e r .  We b e g i n  by p o s t u l a t i n g  t h a t  human con- 
t r o l l e r  remnant a r i s e  from u n d e r l y i n g  p s y c h o p h y s i c a l  s o u r c e s  t h a t  
a r e  b a s i c a l l y  m u l t i p l i c a t i v e .  Noise s o u r c e s  c o n s i d e r e d  a r e :  
( 1 )  o b s e r v a t i o n  n o i s e ,  ( 2 )  motor  n o i s e ,  ( 3 )  t i m e - v a r i a t i o n s  i n  con- 
t r o l l e r  g a i n ,  and ( 4 )  t i m e - v a r i a t i o n s  i n  c o n t r o l l e r  t i m e  d e l a y .  
The f i r s t  t h r e e  o f  t h e s e  p r o c e s s e s  a p p e a r  t o  be m a t h e m a t i c a l l y  i n -  
d i s t i n g u i s h a b l e  and a r e  lumped i n t o  a s i n g l e  e q u i v a l e n t  m u l t i p l i c a -  
t i v e  n o i s e  m a t r i x  a c t i n g  on t h e  s t a t e  v a r i a b l e  v e c t o r .  For  a n a l y t i c a l  
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p u r p o s e s ,  c o n t r o l l e r  remnant  can  be  c o n s i d e r e d  t o  a r i s e  from 
i n j e c t e d  ( i . e . ,  a d d i t i v e )  o b s e r v a t i o n  n o i s e  components,  where 
t h e s e  s i g n a l s  a r e  g i v e n  as t h e  p r o d u c t  o f  t h e  m u l t i p l i c a t i v e  
n o i s e  components w i t h  t h e  c o r r e s p o n d i n g  s t a t e  v a r i a b l e s .  If we 
assume t h a t  t h e  m u l t i p l i c a t i v e  n o i s e  s o u r c e s  a r e  w h i t e  n o i s e  pro-  
c e s s e s ,  t h e n  t h e  a d d i t i v e  o b s e r v a t i o n  n o i s e  components a r e  a l s o  
w h i t e  n o i s e  p r o c e s s e s  which s c a l e  w i t h  t h e  mean-squared l e v e l s  o f  
t h e  s t a t e  v a r i a b l e s  and  t h e i r  f i r s t  d e r i v a t i v e s .  
We a p p l y  t h i s  o b s e r v a t i o n  n o i s e  model t o  t h e  a n a l y s i s  o f  a 
s i m p l e  manual  c o n t r o l  s i t u a t i o n  i n  which t h e  c o n t r o l l e r  i s  d i s -  
p l a y e d  a s i n g l e  q u a n t i t y  - t h e  s y s t e m  e r r o r .  We assume t h a t  h i s  
c o n t r o l  s t r a t e g y  c o n s i s t s  o f  t h e  f o l l o w i n e  p s y c h o p h y s i c a l  opera-  
t i o n s :  (1) e s t i m a t i o n  o f  sys t em e r r o r ,  ( 2 )  e s t i m a t i o n  o f  e r r o r  
r a t e ,  ( 3 )  e x p l i c i t  c o n t r o l  o f  o u t p u t ,  ( 4 )  e x p l i c i t  c o n t r o l  o f  o u t -  
p u t  r a t e ,  p l u s  ( 5 )  w h a t e v e r  l i n e a r  t r a n s  f o r m a t i o n s  a r e  n e c e s s a r y  
t o  accompl i sh  t h e  i n p u t - o u t p u t  t r a n s f o r m a t i o n s .  A n a l y s i s  o f  t h e  
r e s u l t i n g  model o f  c o n t r o l l e r  b e h a v i o r  (shown i n  F i g u r e  5 )  i n d i c a t e s  
t h a t  c o n t r o l l e r  remnant  w i l l  a p p e a r  as a f i r s t - o r d e r  n o i s e  p r o c e s s  
when r e f l e c t e d  t o  a n  e q u i v a l e n t  s c a l a r  n o i s e  p r o c e s s  i n j e c t e d  on 
s y s t e m  e r r o r .  We p r e d i c t  f u r t h e r  t h a t  ( a )  n o r m a l i z a t i o n  w i t h  
r e s p e c t  t o  mean-squared e r r o r  s h o u l d  l e a d  t o  i n v a r i a n c e  w i t h  r e -  
s p e c t  t o  mean-squared i n p u t ;  ( b )  v a r i a t i o n  o f  v e h i c l e  dynamics 
s h o u l d  a f f e c t  b o t h  t h e  l e v e l  and t h e  b r e a k  f r e q u e n c y  o f  t h e  nor-  
m a l i z e d  o b s e r v a t i o n  n o i s e ;  ( c )  i n p u t  bandwidth s h o u l d  a f f e c t  t h e  
magni tude ,  b u t  n o t  t h e  b r e a k  f r e q u e n c y .  I n  a d d i t i o n ,  e x p e r i m e n t s  
i n  which t h e  v e h i c l e  dynamics a r e  K o r  K/S*  s h o u l d  y i e l d  obse rva -  
t i o n  n o i s e  s p e c t r a  wh ich ,  when normal i zed  p r o p e r l y ,  s h o u l d  b e  
d i r e c t l y  and  e a s i l y  i d e n t i f i a b l e  w i t h  t h e  u n d e r l y i n g  m u l t i p l i c a t i v e  
n o i s e  p r o c e s s e s .  M a n i p u l a t i o n  o f  t h e  i n p u t  spec t rum i n  t h e s e  
s p e c i a l  c o n t r o l  s i t u a t i o n s  s h o u l d  a l l o w  us t o  d i f f e r e n t i a t e  be tween 
t h e  e f f e c t s  o f  t ime-de lay  v a r i a t i o n s  and o t h e r  remnant s o u r c e s .  
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Exper imen ta l  d a t a  o b t a i n e d  from a v a r i e t y  o f  s i m p l e  manual 
c o n t r o l  s i t u a t i o n s  i s  a n a l y z e d  i n  t h e  f o l l o w i n g  c h a p t e r  t o  t e s t  
t h e  p r e d i c t i o n s  b a s e d  on o u r  w h i t e - n o i s e  model o f  e q u i v a l e n t  ob- 
s e r v a t i o n  n o i s e .  
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I V *  EXPERIMENTAL TECHNIQUES 
Exper imenta l  C o n d i t i o n s  
I n  o r d e r  t o  p r o v i d e  a  s e t  o f  datum p o i n t s  a g a i n s t  which t o  
t e s t  models o f  c o n t r o l l e r  remnant,  t h e  a u t h o r s  have computed ob- 
s e r v a t i o n  n o i s e  s p e c t r a  from dat.a o b t a i n e d  from a v a r i e t y  of 
s i n g l e - d i s p l a y ,  s i n g l e - c o n t r o l ,  manual t r a c k i n g  e x p e r i m e n t s .  
These exper iments  were conducted  under  t h e  s p o n s o r s h i p  o f  t h e  
NASA-Ames Research C e n t e r  d u r i n g  two phases  o f  C o n t r a c t  No. 
NAS2-3080. The e x p e r i m e n t a l  program completed i n  1966 has  been  
d e s c r i b e d  i n  d e t a i l  i n  Refe rence  2 9 .  The program r e c e n t l y  com- 
p l e t e d  (1968) i s  c u r r e n t l y  b e i n g  documented (Ref.  3 0 ) .  Both I ex- 
p e r i m e n t a l  programs a r e  d e s c r i b e d  b r i e f l y  i n  t h i s  s e c t i o n .  
Although t h e s e  exper iments  were n o t  des igned  s p e c i f i c a l l y  
f o r  i n v e s t i g a t i n g  c o n t r o l l e r  remnant,  we f e l t  t h a t  t h e y  encom- 
passed  a s u f f i c i e n t ,  v a r i e t y  o f  c o n t r o l  s i t u a t i o n s  t o  p r o v i d e  tes ts  
o f  t h e  i m p o r t a n t  model p r e d i c t i o n s ,  We d i d  n o t  a n a l y z e  t h e  rem- 
n a n t  d a t a  o f  o t h e r  i n v e s t i g a t o r s  ( o t h e r  t h a n  what we have r e -  
p o r t e d  i n  C h a p t e r  11), because  we found i t  n e c e s s a r y  t o  have t h e  
unprocessed  t r a c k i n g  d a t a  a v a i l a b l e  i n  o r d e r  t o  o b t a i n  a l l  t h e  
r e l e v a n t  measures .  The s e l e c t e d  a n a l y t i c a l  r e s u l t s  found i n  t h e  
l i t e r a t u r e  were u s u a l l y  d e f i c i e n t  w i t h  r e s p e c t  t o  one o r  more 
i m p o r t a n t  measures.  
.--Data from t h i s  s e t  
o f  exper iments  were o b t a i n e d  u s i n g  t h e  command-input c o n t r o l  con- 
f i g u r a t i o n  diagrammed i n  F i g .  6a .  The e x p e r i m e n t a l  v a r i a b l e s  
r e l e v a n t  t o  t h e  d a t a  a n a l y z e d  i n  t h i s  r e p o r t  were v e h i c l e  dynamics, 
i n p u t  c u t o f f  f r equency ,  mean-squared i n p u t  power, and t h e  l o c a -  
t i o n  o f  t h e  d i s p l a y  i n  t h e  v i s u a l  f i e l d .  The v e h i c l e  dynamics 
2 were e i t h e r  K ,  K / s ,  o r  K / s  . The i n p u t s  were c o n s t r u c t e d  by sum- 
ming t o g e t h e r  up t o  1 7  s i n u s o i d s  and were des igned  t o  resemble  
A more d e t a i l e d  d e s c r i p t i o n  of t h e  e x p e r i m e n t a l  and a n a l y t i c a l  
p rocedures  employed i n  t h e  1 9 6 8  e x p e r i m e n t a l  program i s  c o n t a i n e d  
i n  Appendix C o f  t h i s  r e p o r t .  
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a .  C o m m a n d - i  npu t  S y s  t e m  
b.  V e h i c l e - d i s t u r b a n c e  S y s t e m  
FIG.6 F L O W  D I A G R A M S  O F  S I N G L E - A X I S  M A N U A L  C O N T R O L  S Y S T E M S  
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r e c t a n g u l a r  n o i s e  s p e c t r a  augmented by a  %ow-power, h igh-  
f requency s h e l f .  I n p u t  c u t o f f  f r e q u e n c i e s  i n v e s t i g a t e d  were 
0 .5 ,  1 . 0 ,  and 2 ,O r a d / s e c ,  F o r  most exper iments  t h e  mean- 
s q u a r e d  i n p u t  was a d j u s t e d  t o  y i e l d  a mean-squared e r r o r ,  a t  t h e  
d i s p l a y ,  o f  approx imate ly  0.12 deg2 d e f l e c t i o n  o f  v i s u a l  a r c .  
The d i s p l a y  was viewed e i t h e ~  f o v e a l l y  o r  was viewed p e r i p h -  
e r a l l y  a t  a n  a n g l e  o f  30'. 
The s u b j e c t s  were i n s t r u c t e d  t o  minimize mean-squared 
t r a c k i n g  e r r o r  and were t r a i n e d  u n d e r  e a c h  c o n d i t i o n  u n t i l  a n  
a p p a r e n t l y  s t a b l e  t r a c k i n g  performance l e v e l  was m a i n t a i n e d .  
A l l  r u n  l e n g t h s  were 4 minutes  long ,  and performance measures 
were o b t a i n e d  d u r i n g  t h e  middle t h r e e  minutes  o f  e a c h  r u n .  
) .--The s i n g l e -  
a x i s  t r a c k i n g  c o n d i t i o n s  i n v e s t i g a t e d  d u r i n g  t h i s  phase  o f  t h e  
program d i f f e r e d  from t h e  1966 exper iments  w i t h  r e s p e c t  t o  a 
number o f  e x p e r i m e n t a l  d e t a i l s ,  a l t h o u g h  t h e  t r a c k i n g  t a s k s  were 
b a s i c a l l y  similar.  A v e h i c l e - d i s t u r b a n c e  f o r c i n g  f u n c t i o n ,  
r a t h e r  t h a n  a command i n p u t ,  was used  i n  t h e  l a t t e r  program. 
F i g u r e  6b c o n t a i n s  a f low diagram o f  t h i s  c o n t r o l  s i t u a t i o n .  
V e h i c l e  dynamics o f  K / s  were used  c o n s i s t e n t l y  th roughou t  t h i s  
program, and  t h e  f o r c i n g  f u n c t i o n  ( a g a i n  c o n s t r u c t e d  a s  t h e  sum 
o f  s i n u s o i d s )  was des igned  t o  s i m u l a t e  a f i r s t - o r d e r  n o i s e  
p r o c e s s  h a v i n g  a  b r e a k  f requency  a t  2 r a d / s e c ,  
The 1968 e x p e r i m e n t a l  program was d e s i g n e d  p r i m a r i l y  t o  
p r o v i d e  manual c o n t r o l  d a t a  a g a i n s t  which t o  t e s t  models of 
m u l t i - a x i s  c o n t r o l  and s c a n n i n g  b e h a v i o r .  The d i s p l a y  con- 
f i g u r a t i o n  u s e d  i n  t h i s  program i s  shown i n  F i g .  7 .  I n  o r d e r  
f o r  us t o  t e s t  o u r  m u l t i - a x i s  model, i t  was n e c e s s a r y  t o  o b t a i n  
a f u l l  s e t  o f  s i n g l e - a x i s  measures;  a n a l y s i s  o f  t h e s e  s i n g l e -  
a x i s  e x p e r i m e n t s  a p p e a r s  i n  t h i s  r e p o r t .  
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Because we knew from p r e v i o u s  e x p e r i e n c e  ( R e f .  1) t h a t  t h e  
c o n t r o l l e r  c o u l d  o b t a i n  u s e f u l  d i s p l a y  i n f o r m a t i o n  p e r i p h e r a l l y ,  
we a g a i n  i n v e s t i g a t e d  p e r i p h e r a l  t r a c k i n g  a b i l i t y ,  Our d i s p l a y  
d e s i g n  had t o  t a k e  accoun t  o f  t h e  f a c t  t h a t  t h e  p e r c e p t i o n  o f  a 
s t a t i o n a r y  o b j e c t  l o c a t e d  i n  t h e  p e r i p h e r y  would f a d e  a f t e r  a  few 
s e c o n d s t  d u r a t i o n  (Ref .  2 4 ) .  I n  p a r t i c u l a r ,  a l l  s u b j e c t s  remarked 
t h a t  t h e  ze ro  r e f e r e n c e  p r e s e n t e d  on t h e  p e r i p h e r a l  d i s p l a y  d i s -  
appeared ,  and we d i s c o v e r e d  t h a t  t r a c k i n g  performance was mate- 
r i a l l y  improved when t h e  s u b j e c t  was a b l e  t o  e x t r a p o l a t e  a z e r o  
8 
r e f e r e n c e  l i n e  from h i s  f i x a t i o n  p o i n t  t o  t h e  p e r i p h e r a l  d i s p l a y .  
Accordingly ,  o u r  d i s p l a y  ar rangement  p r o v i d e d  c e r t a i n  v iewing  
c o n d i t i o n s  which a l lowed such a n  e x t r a p o l a t i o n .  S p e c i f i c a l l y ,  
i t  p rov ided  t h e  f o l l o w i n g  f o u r  c l a s s e s  of v iewing c o n d i t i o n s :  
( a )  f o v e a l  
( b )  1 6 O  i n t o  t h e  p e r i p h e r y  w i t h  t h e  p o t e n t i a l  f o r  
e x t r a p o l a t i o n  of  t h e  z e r o  r e f e r e n c e ,  
( c )  16O i n t o  t h e  p e r i p h e r y  w i t h  no p o t e n t i a l  f o r  
r e f e r e n c e  e x t r a p o l a t i o n ,  and 
( d )  22' i n t o  t h e  p e r i p h e r y  w i t h  no r e f e r e n c e  ex t rapo-  
l a t i o n  p o s s i b l e .  
When t r a c k i n g  p e r i p h e r a l l y ,  t h e  s u b j e c t  was r e q u i r e d  t o  f ixa te  
a  s p e c i f i e d  non-ac t ive  d i s p l a y  f o r  t h e  e n t i r e  r u n  l e n g t h  ( 4  
minutes )  and t r a c k  whichever  d i s p l a y  was a c t i v e  i n  t h e  p e r i p h e r y .  
The impor tance  o f  t h e s e  d a t a  i s  t h a t  i n  v a r y i n g  v iewing  
c o n d i t i o n s ,  we can be f a i r l y  c e r t a i n  we a r e  v a r y i n g  t h e  t r u e  
o b s e r v a t i o n  n o i s e  and can conclude  t h a t  t h e  obse rved  changes i n  
remnant are p r i m a r i l y  due t o  changes i n  t h i s  remnant s o u r c e .  
3C 
See Appendix C f o r  more d e t a . i l .  
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Computation o f  O b s e r v a t i o n  Noise S p e c t r a  
We have p o s t u l a t e d  i n  C h a p t e r  I11 t h a t  c o n t r o l l e r  remnant 
can be  accoun ted  f o r  by an  e q u i v a l e n t  i n j e c t e d  o b s e r v a t i o n  n o i s e  
v e c t o r  i n  which a n  independent  n o i s e  p r o c e s s  i s  a s s o c i a t e d  w i t h  
t h e  e s t i m a t i o n  o f  each r e l e v a n t  d i s p l a y  v a r i a b l e .  T h i s  i n j e c t e d  
n o i s e  v e c t o r ,  i n  t u r n ,  i s  assumed t o  a r i s e  from u n d e r l y i n g  m u l t i -  
p l i c a t i v e  n o i s e  s o u r c e s .  Our measurement t e c h n i q u e s ,  however, 
e s s e n t i a l l y  r e q u i r e  us t o  r e f l e c t  o u r  remnant measurements t o  
a  s i n g l e  i n j e c t i o n  p o i n t .  We s h a l l  t h e r e f o r e  a n a l y z e  most of 
our  d a t a  w i t h  r e s p e c t  t o  computing t h e  s c a l a r  n o i s e  spect rum 
@rr For  economy o f  words,  vie s h a l l  drop t h e  q u a l i f y i n g  a d j e c -  
t i v e s  " i n j e c t e d , "  " s c a l a r , "  and " e q u i v a l e n t , "  and t a l k  s imply 
of t h e  measurement o f  " o b s e r v a t i o n  n o i s e .  " The r e a d e r  s h o u l d ,  
n e v e r t h e l e s s ,  b e a r  i n  mind t h e  v a r i o u s  r a m i f i c a t i o n s  a s s o c i a t e d  
w i t h  t h a t  e x p r e s s i o n .  
A s  w e  p o i n t e d  o u t  i n  Chap te r  111, t h e  v a r i a b l e  on which we 
i n j e c t  t h e  o b s e r v a t i o n  n o i s e  p r o c e s s  i s  not  u n i q u e l y  de te rmined .  
Whatever t h e  p o i n t  o f  i n j e c t i o n ,  we can,  i n  p r i n c i p l e ,  a n a l y z e  
t h e  model developed i n  Chap te r  I11 t o  p r e d i c t  t h e  n a t u r e  o f  what 
we e x p e c t  t o  measure.  For  each c o n t r o l  s i t u a t i o n  i n v e s t i g a t e d ,  
we have  chosen a  n o i s e  i n j e c t i o n  s i t e  such t h a t  t h e  computed 
o b s e r v a t i o n  n o i s e  spect rum can b e  most r e a d i l y  i n t e r p r e t e d  i n  
te rms o f  b a s i c  model p a r a m e t e r s .  Accordingly ,  w e  have r e f l e c t e d  
remnant t o  a n o i s e  on sys tem e r r o r  when t h e  v e h i c l e  dynamics 
a r e  K ,  a n d  t o  a n o i s e  on  e r r o r  r a t e  f o r  K / S ~  dynamics, because  
we p r e d i c t  t h a t  t h i s  p rocedure  w i l l  y i e l d  s p e c t r a  t h a t  a r e  equ iva -  
l e n t  t o  t h e  s p e c t r a  o f  t h e  u n d e r l y i n g  n o i s e  p r o c e s s e s .  Remnant 
i s  r e f l e c t e d  t o  t h e  e r r o r  s i g n a l  when t h e  dynamics a r e  K / s ,  a l -  
though i n  t h i s  s i t u a t i o n  we e x p e c t  t h e  r e s u l t i n g  s p e c t r a l  
measurements t o  be  r e l a t e d  i n  a  more complex way t o  t h e  u n d e r l y i n g  
n o i s e  p r o c e s s e s .  
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Use o f  t h e  composi te  s i n u s o i d a l  i n p u t s  f a c i l i t a t e s  t h e  
s e p a r a t i o n  o f  remnant-induced s i g n a l s  from t h e  l i n e a r  r e s p o n s e  
t o  t h e  i n p u t ,  s i n c e  s i g n a l  power a t  o t h e r  t h a n  i n p u t  f r e q u e n c i e s  
can  a r i se  o n l y  from c o n t r o l l e r  remnant ( e x c e p t  f o r  s m a l l  con- 
t r i b u t i o n s  due t o  i m p e r f e c t  g e n e r a t i o n  o f  t h e  i n p u t  and t o  
i r r e d u c i b l e  sys tem n o i s e ) ,  I n  o r d e r  t o  compute o b s e r v a t i o n  n o i s e  
s p e c t r a  from s i g n a l s  t h a t  are d i r e c t l y  measurable ,  we make t h e  
f o l l o w i n g  assumpt ions :  
( a )  The a d d i t i v e  o b s e r v a t i o n  n o i s e  r ( t )  i s  l i n e a r l y  
u n c o r r e l a t e d  w i t h  t h e  i n p u t  s i g n a l  i ( t ) ,  
( b )  The remnant-induced power v a r i e s  c o n t i n u o u s l y  w i t h  
f requency  i n  t h e  v i c i n i t y  o f  i n p u t  f r e q u e n c i e s .  
( c )  S i g n a l  power o c c u r r i n g  a t  i n p u t  f r e q u e n c i e s  a r i s e s  
a lmos t  e n t i r e l y  from t h e  l i n e a r  p o r t i o n  o f  t h e  s y s t e m  
r e s p o n s e  and o n l y  n e g l i g i b l y  from c o n t r o l l e r  remnant .  
Because o f  t h e  way i n  which we have d e f i n e d  remnant ,  we a r e  
a b l e  t o  compute on ly  t h e  component o f  r ( t )  t h a t  i s  l i n e a r l y  un- 
c o r r e l a t e d  w i t h  t h e  i n p u t .  (Components o f  r ( t )  t h a t  a r e  co r -  
r e l a t e d  w i t h  t h e  i n p u t  w i l l  a p p e a r  a t  measurement f r e q u e n c i e s  
and w i l l  c o n t r i b u t e  t o  what i s  i n t e r p r e t e d  a s  t h e  i n p u t - c o r r e -  
l a t e d  p o r t i o n  o f  t h e  c o n t r o l l e r ' s  o u t p u t . )  We show i n  Appendix 
A t h a t  t h e r e  i s  some c o r r e l a t i o n  between i ( t )  and r ( t ) ,  even  
when t h e  u n d e r l y i n g  m u l t i p l i c a t i v e  n o i s e  p r o c e s s  i s  c o n s i d e r e d  
t o  be w h i t e  n o i s e .  The e f f e c t s  o f  t h i s  c o r r e l a t i o n  a r e  e x p e c t e d  
I 
t o  be  s m a l l ,  however. 
McRuer e t  a1 have c la imed t h a t  t h e  remnant a p p e a r s  o t h e r w i s e  
t o  va ry  smoothly th rough  t h e  i n p u t  f r e q u e n c i e s ,  and some o f  o u r  
own r e s u l t s  (see Appendix B o f  t h i s  r e p o r t )  b e a r  t h i s  o u t .  The 
c o n t i n u i t y  o f  t h e  remnant spec t rum a l l o w s  us t o  t e s t  t h e  v a l i d i t y  
o f  t h e  t h i r d  assumpt ion  i n  a  s p e c i f i c  measurement s i t u a t i o n ,  F o r  
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example,  i f  t h e  c o n t r o l  power measured a t  a s p e c i f i c  i n p u t  f r e -  
quency i s  much g r e a t e r  t h a n  t h e  remnant - induced  power measured 
a t  n e i g h b o r i n g  f r e q u e n c i e s ,  t h e  measurement a t  t h e  i n p u t  f r e q u e n c y  
may b e  c o n s i d e r e d  p r i m a r i l y  a r e s p o n s e  t o  t h e  f o r c i n g  f u n c t i o n .  
If t h e  remnant - induced  power i s  r e l a t i v e l y  l a r g e ,  on t h e  o t h e r  h a n d ,  
measurements  a t  i n p u t  f r e q u e n c i e s  c a n  b e  e x p e c t e d  t o  i n c l u d e  t h e  
e f f e c t s  o f  r emnan t .  
Given t h a t  t h e  above  a s s u m p t i o n s  are v a l i d  a t  a p a r t i c u l a r  f re-  
quency o f  i n t e r e s t ,  t h e  c l o s e d - l o o p  c o n t r o l  and  e r r o r  s p e c t r a  may b e  
s e p a r a t e d  i n t o  t h e  f o l l o w i n g  i n d e p e n d e n t  i n p u t - r e l a t e d  and remnant-  
r e l a t e d  components :  
where,  f o r  t h e  command-input s y s t e m  o f  F i g .  6 a  
(The argument  w h a s  been  o m i t t e d  f o r  n o t a t i o n a l  c o n v e n i e n c e . )  
F o r  t h e  v e h i c l e - d i s t u r b a n c e  s y s t e m  o f  F i g .  6 b ,  t h e  i n p u t - c o r -  
re la ted p o r t i o n s  o f  b o t h  t h e  c o n t r o l  a n d  e r r o r  s p e c t r a  c o n t a i n  
2 t h e  f a c t o r  I V f  . The comple t e  s e t  o f  s p e c t r a  i s :  
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The r e a d e r  w i l l  n o t e  t h a t  c o n t r o l l e r  remnant has  been  r e f l e c t e d  
t o  a n o i s e  i n j e c t e d  on t h e  sys tem e r r o r  ( t h e  q u a n t i t y  e x p l i c i t l y  
d i s p l a y e d ) ;  hence,  t h e  s u b s c r i p t  ( x )  on @ 
rrx 
Equa t ions  35 and 36 can  b e  s o l v e d  t o  y i e l d  t h e  o b s e r v a t i o n  
n o i s e  spect rum i n  te rms of t h e  c losed- loop c o n t r o l  s p e c t r a  and 
t h e  i n p u t  s p e c t r a .  For  t h e  input-command sys tem we o b t a i n  
@uu 
and f o r  t h e  v e h i c l e - d i s t u r b a n c e  sys tem we o b t a i n  
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Although t h e  closed-loop remnant spectrum @ could no t  be  d i r e c t l y  
uur 
measured a t  i n p u t  f r e q u e n c i e s ,  r ea sonab le  approximat ions  were ob- 
t a i n e d  by averag ing  t h e  remnant measurements ob ta ined  over a range  
of  1/8 octave on e i t h e r  s i d e  of each i n p u t  f requency.  
Observat ion n o i s e  measurements were computed accord ing  t o  equa- 
t i o n s  (37 )  and ( 3 8 )  a t  f r equenc ie s  g r e a t e r  t h a n  1 rad /sec .  A t  lower 
f r equenc ie s ,  t h i s  t echnique  y i e lded  anamolous r e s u l t s ,  appa ren t ly  
because of  t h e  adverse  e f f e c t s  o f  i r r e d u c i b l e  system no i se  on low- 
frequency measurements of c o n t r o l  power. Low-frequency computations 
of obse rva t ion  no i se  were ob ta ined  by t a k i n g  advantage of  t h e  f a c t  
t h a t  t h e  closed-loop remnant e r r o r  spectrum @ i s  approximately 
XXr 
equa l  t o  t h e  obse rva t ion  n o i s e  spectrum a t  f r equenc ie s  w e l l  below 
gain-crossover  ( i .  e e  , where I H V ( > > l ) .  Thus, a t  f r equenc ie s  of  
1 rad /sec  and lower,  t h e  obse rva t ion  n o i s e  was assumed equa l  t o  t h e  
e r r o r  spectrum a t  noninput f r equenc ie s .  S ince  t h e  ga in-c rossover  
frequency was around 4 rad/sec  f o r  most c o n d i t i o n s ,  maximum e r r o r s  
of about 0 .25  dB were expected from t h i s  approximation.  
The foregoing  d e r i v a t i o n  has shown how we can r e f l e c t  con- 
t r o l l e r  remnant t o  a  no i se  i n j e c t e d  a t  t h e  system e r r o r ,  For 
some of t h e  a n a l y s e s ,  we s h a l l  i n s t e a d  wish t o  r e f l e c t  remnant 
t o  a no ise  on e r r o r  r a t e .  T h i s  o p e r a t i o n  i s  accomplished by 
c a r r y i n g  ou t  t h e  computations des igna t ed  i n  equa t ions  (37 )  and 
(38 )  and mul t ip ly ing  by w2, where w is  t h e  measurement frequency 
i n  rad ians / second .  
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V ,  EXPERIMENTAL RESULTS 
Normalized o b s e r v a t i o n  n o i s e  s p e c t r a  o b t a i n e d  from t h e  v a r i o u s  
s i n g l e - d i s p l a y  t r a c k i n g  exper iments  d e s c r i b e d  i n  t h e  p r e c e d i n g  
c h a p t e r  are p r e s e n t e d  h e r e  and a r e  t e s t e d  a g a i n s t  p r e d i c t i o n s  b a s e d  
on t h e  o b s e r v a t i o n  n o i s e  model of e q u a t i o n  ( 1 9 )  developed i n  Chap te r  
111. Exper imenta l  r e s u l t s  o b t a i n e d  from p e r i p h e r a l  and f o v e a l  view- 
i n g  c o n d i t i o n s  a r e  d i s c u s s e d  i n  s e p a r a t e  s e c t i o n s  of t h i s  c h a p t e r  
because  of some fundamenta l  d i f f e r e n c e s  i n  t h e s e  r e s u l t s .  
Fovea l  Viewing C o n d i t i o n s  
I n  t h i s  s e c t i o n  w e  i n v e s t i g a t e  t h e  r e l a t i o n s h i p  between t h e  
normal ized  o b s e r v a t i o n  n o i s e  and ( a )  mean-squared i n p u t ,  ( b )  v e h i c l e  
dynamics, ( e )  i n p u t  bandwidth,  and ( d )  t h e  way i n  which t h e  i n p u t  
d i s t u r b s  t h e  sys tem.  
E f f e c t  o f  mean-squared input.--We have p r e d i c t e d  t h a t  t h e  
normal ized  o b s e r v a t i o n  n o i s e  w i l l  be i n v a r i a n t  w i t h  r e s p e c t  t o  
mean-squared i n p u t .  Th i s  p r e d i c t i o n  i s  a n e c e s s a r y  consequence o f  
o u r  b a s i c  a s sumpt ion  t h a t  ( a )  c o n t r o l l e r  remnant  arises from m u l t i -  
p l i c a t i v e  n o i s e  s o u r c e s  and t h a t  ( b )  t h e  man-vehicle sys tem i s  o t h e r -  
wise  l i n e a r .  
F i g u r e  8 shows t h a t  t h e  o b s e r v a t i o n  n o f s e  spect rum,  normal ized  
w i t h  r e s p e c t  t o  mean-squared e r r o r ,  was e s s e n t i a l l y  i n v a r i a n t  o v e r  
a 9 :1 v a r i a t i o n  i n  i n p u t  power, These normal ized  s p e c t r a  were ob- 
t a i n e d  f o r  mean-squared i n p u t  l e v e l s  o f  2.6 and 2 3  deg2 e q u i v a l e n t  
d i s p l a y  d e f l e c t i o n .  V e h i c l e  dynamics were K / s ,  and t h e  i n p u t  c u t o f f  
f requency was 0 .5  r a d / s e c .  These measurements ,  coupled  w i t h  t h e  
f a c t  t h a t  mean-squared e r r o r  was p r o p o r t i o n a l  t o  mean-squared i n p u t  
( s e e  Ref.  l ) ,  t h u s  v a l i d a t e  our  c o n t e n t i o n s  t h a t  remnant s o u r c e s  a r e  
m u l t i p l i c a t i v e  and t h a t  t h e  human c o n t r o l l e r  i s  e s s e n t i a l l y  l i n e a r  
o v e r  o u r  r a n g e  o f  e x p e r i m e n t a l  c o n d i t i o n s .  
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FREQUENCY (RAD/SEC) 
F I G . 8  E F F E C T  O F  M E A N - S Q U A R E D  I N P U T  O N  T H E  
N O R M A L I Z E D  O B S E R V A T I O N  N O I S E  S P E C T R U V  
V e h i c l e  D y n a m i c s  = K / s  
I n p u t  B a n d w i d t h  = 0 . 5  R a d / S e c  
A v e r a g e  o f  3 S u b j e c t s  
FREQUENCY ( rad/sec) 
F I G . 9  E F F E C T  O F  V E H I C L E  D Y N A M I C S  O N  T H E  
N O R M A L I Z E D  O B S E R V A T I O N  N O I S E  S P E C T R U M  
A v e r a g e  o f  3 S u b j e c t s  ( K  a n d  K / s 2 )  
A v e r a g e  o f  4 S u b j e c t s  ( K / s )  
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.--Our model o f  c o n t r o l l e r  remnant  
p r e d i c t s  t h a t  t h e  o b s e r v a t i o n  n o i s e  spect rum,  r e f l e c t e d  o n t o  sys tem 
e r r o r ,  w i l l  i n  g e n e r a l  r e semble  a  f i r s t - o r d e r  n o i s e  p r o c e s s  when t h e  
c o n t r o l l e r  i s  p rov ided  w i t h  a d i s p l a y  o f  sys tem e r r o r  o n l y .  For  
2 
t h e  s p e c i a l  c a s e s  i n  which t h e  v e h i c l e  dynamics a r e  K o r  K / s  , 
however,  t h e  o b s e r v a t i o n  n o i s e  s h o u l d  appear  w h i t e ,  s o  long  as t h e  
n o i s e  i s  r e f l e c t e d  t o  t h e  s i g n a l  i n  which t h e  c o n t r o l l e r  i s  p r i -  
m a r i l y  i n t e r e s t e d  ( e r r o r  p o s i t i o n  when t h e  dynamics a r e  K ,  e r r o r  
2 
r a t e  f o r  K / s  ) .  The s i t u a t i o n  i s  l e s s  c o n s t r a i n e d  when t h e  dynamics 
a r e  K / s ,  and i n  t h i s  c a s e  o u r  model cannot  p r e d i c t  t h e  l o c a t i o n  o f  
9 
t h e  b r e a k  f requency o f  t h e  f i r s t - o r d e r  p r o c e s s .  
Normalized o b s e r v a t i o n  n o i s e  measures were o b t a i n e d  from a 
s e t  of t r a c k i n g  exper iments  i n  which t h e  v e h i c l e  dynamics were K ,  
2 K / s ,  and K / s  . The d a t a  c o r r e s p o n d i n g  t o  K and K / S ~  dynamics were 
o b t a i n e d  from t h e  command-input sys tem o f  F i g u r e  6 a  u s i n g  t h e  pseudo- 
r e c t a n g u l a r  i n p u t  spect rum hav ing  a c u t o f f  f r equency  a t  1 s a d / s e c .  
O b s e r v a t i o n  n o i s e  measures f o r  K / s  dynamics were o b t a i n e d  from b o t h  
t h e  command-input and t h e  v e h i c l e - d i s t u r b a n c e  s y s t e m s ,  as d e s c r i b e d  
i n  t h e  p r e c e d i n g  s e c t i o n  o f  t h i s  c h a p t e r .  The v e h i c l e - d i s t u r b a n c e  
measurements a r e  c o n s i d e r e d  h e r e ,  s i n c e  t h e y  r e p r e s e n t  t h e  a v e r a g e  
o f  a l a r g e r  number o f  samples  t h a n  do t h e  command-input measurements 
and a r e  t h e r e f o r e  assumed t o  be  a  more r e l i a b l e  e s t i m a t e  of t h e  
t r u e  o b s e r v a t i o n  n o i s e  spect rum.  
The normal ized  o b s e r v a t i o n  n o i s e  s p e c t r a  a r e  shown i n  F i g u r e  9. 
The n o i s e  p r o c e s s e s  c o r r e s p o n d i n g  t o  K and K / s  dynamics have  been 
r e f l e c t e d  t o  sys tem e r r o r  and normal ized  w i t h  r e s p e c t  t o  mean-squared 
e r r o r ;  t h e  K/S* remnant d a t a  have  been  r e f l e c t e d  t o  e r r o r  r a t e  and 
normal ized  a c c o r d i n g l y .  F i g u r e  9 b e a r s  o u t  o u r  p r e d i c t i o n s  concern-  
i n g  t h e  f requency dependenc ies  o f  t h e  s p e c t r a :  o b s e r v a t i o n  n o i s e  
We are c u r r e n t l y  i n v e s t i g a t i n g  o p t i m a l  c o n t r o l  t e c h n i q u e s ,  d i s c u s s e d  
b r i e f l y  i n  Chap te r  VP,  t o  p r e d i c t  t h e  d e t a i l e d  b e h a v i o r  o f  t h e  ob- 
s e r v a t i o n  n o i s e  spec t rum as w e l l  as o t h e r  measures o f  c o n t r o l l e r  
b e h a v i o r .  
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s p e c t r a  o b t a i n e d  from K and K / S ~  d a t a  a r e  e s s e n t i a l l y  w h i t e ,  and  
t h e  spect rum cor respond ing  t o  K / s  dynamics i s  f i r s t - o r d e r .  We 
a l s o  f i n d  a n  unexpected  c o n s i s t e n c y  i n  t h e  r e s u l t s :  t h e  power 
d e n s i t y  l e v e l s  of t h e  two w h i t e  n o i s e  s p e c t r a  a r e  i d e n t i c a l  t o  
w i t h i n  1 dB (which i s  approx imate ly  our  measurement e r r o r ) ,  a t  
C 
0 .01  u n i t s  o f  normal ized  power p e r  r a d / s e c .  The i m p l i c a t i o n s  o f  
t h i s  r e s u l t  a r e  e x p l o r e d  i n  t h e  d i s c u s s i o n  p r e s e n t e d  a t  t h e  end o f  
t h i s  s e c t i o n .  
I n  Chap te r  I11 we showed t h a t  i f  o u r  remnant d a t a  were s e l f -  
c o n s i s t e n t  w i t h  r e s p e c t  t o  o u r  model,  t h e  t h r e e  o b s e r v a t i o n  n o i s e  
s p e c t r a  would be r e l a t e d  a s  
( 0 )  (1) ( 2 )  r e p r e s e n t  t h e  normal ized  o b s e r v a t i o n  where a,, , m . and a ,,;, 
X r r ~  A 
n o i s e  s p e c t r a  o b t a i n e d  w i t h  v e h i c l e  dynamics of  K ,  K / s ,  and K/s', 
- - 
r e s p e c t i v e l y .  We computed a of/o: r a t i o  o f  27 from t h e  K / s  d a t a ,  
and a t ime c o n s t a n t  T=0.29 s e c  was o b t a i n e d  by b e s t - f i t t i n g  t h e  
cor respond ing  o b s e r v a t i o n  n o i s e  spect rum by a f i r s t - o r d e r  n o i s e  
p r o c e s s ,  These v a l u e s  were combined w i t h  t h e  measured v a l u e s  o f  
( 0 )  
@rr t o  y i e l d  a  " t h e o r e t i c a l "  o b s e r v a t i o n  n o i s e  spec t rum and arr; X 
f o r  K / s  dynamics a s  g i v e n  by e q u a t i o n  (39). F i g u r e  10 shows t h a t  
t h e  t h e o r e t i c a l  and measured o b s e r v a t i o n  n o i s e  s p e c t r a  a g r e e  t o  
w i t h i n  1 dB a t  most measurement f r e q u e n c i e s .  The e x p e r i m e n t a l  mea- 
surements  and t h e  model o f  c o n t r o l l e r  remnant p r e s e n t e d  i n  t h i s  re- 
p o r t  a r e  t h u s  s e e n  t o  be i n t e r n a l l y  c o n s i s t e n t .  
A l l  power d e n s i t y  s p e c t r a  shown i n  t h i s  r e p o r t  r e p r e s e n t  t h e  sum- 
mat ion  o f  power a t  s y m e t r i c a l l y - l o c a t e d  p o s i t i v e  and n e g a t i v e  
f r e q u e n c i e s .  
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FREQUENCY (rad/sec) 
F I G . 1 0  C O M P A R I S O N  O F  M E A S U R E D  A N D  T H E O R E T I C A L  
N O R M A L I Z E D  O B S E R V A T I O N  N O I S E  S P E C T R A  
V e h i c l e  D y n a m i c s  = K / s  
w i  = 1.0 RAD/SEC 
w i = 0.5 RAD/SEC 
FREQUENCY (RAD/SEC) 
F I G . 1 1  E F F E C T  OF I N P U T  B A N D W I D T H  O N  T H E  
N O R M A L I Z E D  O B S E R V A T I O N  N O I S E  S P E C T R U M  
V e h i c l e  D y n a m i c s  = K / s  
A v e r a g e  o f  3 S u b j e c t s  
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.--Equation ( 2 7 )  of Chap te r  I11 shows 
t h a t  t h e  l e v e l  of  normal ized  o b s e r v a t i o n  n o i s e  spect rum i s  a func- 
2 2  2 t i o n  o f  t h e  r a t i o s  o;/ox and o;/ox (which we s h a l l  h e n c e f o r t h  r e f e r  
t o  a s  t h e  " v a r i a n c e  r a t i o s "  f o r  economy o f  n o t a t i o n ) ,  The way i n  
which t h e s e  r a t i o s  a f f e c t  t h e  s p e c t r a l  l e v e l  depend on t h e  r e l a t i v e  
c o n t r i b u t i o n s  of t ime-delay  v a r i a t i o n s  and o t h e r  n o i s e  s o u r c e s  t o  
t h e  g e n e r a t i o n  of  c o n t r o l l e r  remnant .  Thus, i f  we a r e  a b l e  t o  an- 
a l y z e  a  s e t  o f  exper iments  i n  which only  t h e s e  r a t i o s  a r e  v a r i e d ,  
we might  be a b l e  t o  d e t e r m i n e  whether  o r  n o t  t ime-delay v a r i a t i o n s  
a r e  a n  i m p o r t a n t  s o u r c e  o f  remnant ,  
It was hoped t h a t  a n a l y s i s  o f  a s e t  of exper iments  i n  which 
t h e  i n p u t  was v a r i e d  would produce  t h e  d e s i r e d  changes i n  t h e  v a r i -  
ance  r a t i o s ,  The command-input c o n t r o l  c o n f i g u r a t i o n  was employed 
w i t h  i n p u t s  h a v i n g  c u t o f f  f r e q u e n c i e s  o f  0 .5 ,  1, and 2 r a d / s e c .  
Veh ic le  dynamics were K / s .  Normalized o b s e r v a t i o n  n o i s e  s p e c t r a  
co r respond ing  t o  t h e s e  t h r e e  i n p u t  bandwidths a r e  compared i n  
F i g u r e  11. The t o t a l  s p r e a d  among t h e  curves  i s  g e n e r a l l y  l e s s  
t h a n  4 dB, and t h e  d i f f e r e n c e s  do n o t  appear  t o  be c o n s i s t e n t .  
Before  we can  i n t e r p r e t  t h e  i n v a r i a n c e  of  t h e  normal ized  observa-  
t i o n  n o i s e  w i t h  r e s p e c t  t o  i n p u t  bandwidth,  we must f i r s t  examine t h e  
d a t a  t o  s e e  i f  t h e  v a r i a n c e  r a t i o s  h a v e , i n  f a c t , b e e n  a f f e c t e d  by t h e  
2 change i n  i n p u t  bandwidth.  Unfor tunate ly ,we do n o t  have t h e  off d a t a  
2 a v a i l a b l e .  We do have t h e  o; measurements a v a i l a b l e , h o w e v e r , a n d  t h e s e  
s h o u l d  p r o v i d e  some i n s i g h t  i n t o  t h e  impor tance  of t ime-delay  v a r i a t i o n s .  
For example, i f  t h e  o$/o: r a t i o  v a r i e s  w i t h  i n p u t  bandwidth and t h e  
normalized o b s e r v a t i o n  n o i s e  spect rum does  n o t ,  t h e n  we c a n  reason-  
a b l y  assume t h a t  t ime-delay v a r i a t i o n s  a r e  n o t  i m p o r t a n t  ( u n l e s s ,  
of  c o u r s e ,  o?/cf2 v a r i e s  i n  a n  o p p o s i t e  manner--an u n l i k e l y  circum- 2 x  
s t a n c e ) .  On t h e  o t h e r  hand,  i f  02/02 does  n o t  change,  t h e  r e s u l t s  
a r e  i n c o n c l u s i v e .  
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2 2 The r a t i o s  o;/ox a r e  shown i n  T a b l e  2 f o r  t h e  t h r e e  bandwidths  
i n v e s t i g a t e d .  These r a t i o s  changed on ly  minimal ly  w i t h  changes  i n  
bandwidth,  r a n g i n g  from 29 t o  40 ( a  d i f f e r e n c e  o f  only  1 .4  dB). 
Thus, we cannot  conc lude  on t h e  b a s i s  o f  t h i s  exper iment  whe the r  
o r  n o t  t ime-delay v a r i a t i o n s  a r e  a n  i m p o r t a n t  s o u r c e  o f  remnant .  
T h i s  exper iment  does s e r v e ,  n e v e r t h e l e s s ,  t o  p r o v i d e  a d d i t i o n a l  
e x p e r i m e n t a l  e v i d e n c e  i n  s u p p o r t  o f  o u r  model o f  c o n t r o l l e r  remnant .  
The model p r e d i c t s  t h a t  t h e  normal ized  o b s e r v a t i o n  n o i s e  s p e c t r u m  
2 2 
w i l l  remain unchanged s o  l o n g  as t h e  r a t i o  oJ/ox remains  unchanged 
( p r o v i d e d  t h a t  t h e  v e h i c l e  dynamics are n o t  changed) ,  and  t h i s  is  
e x a c t l y  what w e  obse rve .  
E f f e c t  o f  i n p u t  i n j e c t i o n  point.--Our model o f  c o n t r o l l e r  r e m -  
n a n t  p r e d i c t s  t h a t  t h e  o b s e r v a t i o n  n o i s e  spect rum w i l l  n o t  depend 
on t h e  spec t rum o f  t h e  d i s p l a y e d  e r r o r  s i g n a l ,  o t h e r  t h a n  as t h e  
s p e c t r a l  shape  a f f e c t s  t h e  v a r i a n c e  r a t i o s .  Accordingly ,  w e  have  
compared t h e  o b s e r v a t i o n  n o i s e  s p e c t r a  o b t a i n e d  from t h e  command- 
i n p u t  and v e h i c l e - d i s t u r b a n c e  sys tems  i n  o r d e r  t o  t e s t  t h i s  p re -  
d i c t i o n .  
The v e h i c l e  dynamics were K / s  i n  b o t h  exper iments .  The r e c -  
t a n g u l a r  i n p u t  spec t rum used i n  t h e  input-command sys tem had a c u t -  
o f f  f requency o f  2 r a d / s e c ;  a  s i m u l a t e d  f i r s t - o r d e r  n o i s e  p r o c e s s  
hav ing  a  b r e a k  f requency  o f  2 r a d / s e c  was employed i n  t h e  v e h i c l e -  
d i s t u r b a n c e  e x p e r i m e n t ,  
To i l l u s t r a t e  t h a t  t h e  e r r o r  s p e c t r a  were d i f f e r e n t  i n  t h e  two 
e x p e r i m e n t s ,  e r r o r  power s p e c t r a  o b t a i n e d  from t h e  same s u b j e c t  w i t h  
t h e  two s y s t e m  c o n f i g u r a t i o n s  are compared i n  F i g u r e  1 2 .  The i n p u t -  
c o r r e l a t e d  p o r t i o n  of  t h e  spec t rum was approx imate ly  a s a w t o o t h  func- 
t i o n  o f  f r equency  when t h e  augmented r e c t a n g u l a r  f o r c i n g  f u n c t i o n  
was i n j e c t e d  as a  command s i g n a l .  The e r r o r  spect rum was a n o t i c e -  
a b l y  smoother  f u n c t i o n  of  f requency when a s i m u l a t e d  f i r s t - o r d e r  
n o i s e  p r o c e s s  was a p p l i e d  a s  a  d i s t u r b a n c e  t o  t h e  v e h i c l e ,  The 
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FREQUENCY ( radlsec)  
F I G . 1 2  E F F E C T  O F  I N P U T  I N J E C T I O N  P O I N T  
ON T H E  N O R M A L I Z E D  E R R O R  S P E C T R U M  
V e h i c l e  D y n a m i c s  = K/s 
F I G . 1 3  E F F E C T  O F  I N P U T  I N J E C T I O N  P O I N T  ON T H E  
N O R M A L I Z E D  O B S E R V A T I O N  N O I S E  S P E C T R U M  
V e h i c l e  D y n a m i c s  = K/s 
A v e r a g e  o f  3 S u b j e c t s  ( C o m m a n d - I n p u t  S y s t e m )  
A v e r a g e  o f  4 S u b j e c t s  ( V e h i c l e - D i s t u r b a n c e  S y s t e m )  
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remnan t - re la ted  components o f  t h e  two e r r o r  s p e c t r a  were ,  however,  
2 2 q u i t e  s i m i l a r .  We n o t e  t h a t  t h e  u;/o, r a t i o s  f o r  t h e  command-input 
and v e h i c l e - d i s t u r b a n c e  sys tems were,  r e s p e c t i v e l y ,  29 and 2 7 .  
S i n c e  we do no t  have t h e  d a t a  a v a i l a b l e ,  we must assume t h a t  t h e  
u$/u: r a t i o  was a l s o  r e l a t i v e l y  i n v a r i a n t .  
F i g u r e  13 shows t h a t  t h e  normal ized  o b s e r v a t i o n  n o i s e  s p e c t r a  
a r e  n e a r l y  i d e n t i c a l ,  d i f f e r i n g  by l e s s  t h a n  1 dB a t  most measure- 
ment f r e q u e n c i e s .  We t h u s  have  a n  a d d i t i o n a l  example t h a t  c o n t r o l -  
l e r  remnant i s  r e l a t i v e l y  i n v a r i a n t  w i t h  r e s p e c t  t o  i n p u t  p a r a m e t e r s .  
Fur thermore ,  t h e  o b s e r v a t i o n  n o i s e  l e v e l  i s  r e l a t e d  t o  sys tem e r r o r  
on ly  i n  t h a t  i t  s c a l e s  w i t h  t h e  v a r i a n c e  o f  t h e  e r r o r  and i t s  d e r -  
i v a t i v e s .  
Summary and Discussion.--We have compared t h e  p r e d i c t i o n s  o f  
t h e  t h e o r e t i c a l  model f o r  c o n t r o l l e r  remnant developed i n  Chap te r  
I11 w i t h  t h e  e x p e r i m e n t a l  d a t a  o b t a i n e d  from a  v a r i e t y  o f  s i n g l e -  
d i s p l a y  c o n t r o l  s i t u a t i o n s .  A l l  t h e  d a t a  a n a l y z e d  t h u s  f a r  c o n f i r m  
o u r  b a s i c  h y p o t h e s i s  t h a t  c o n t r o l l e r  remnant can  b e  accoun ted  f o r  
by l i n e a r l y  i n d e p e n d e n t ,  w h i t e ,  m u l t i p l i c a t i v e  n o i s e  components as- 
s o c i a t e d  w i t h  each o f  t h e  sys tem v a r i a b l e s  t h a t  t h e  c o n t r o l l e r  i s  
r e q u i r e d  t o  e s t i m a t e .  S p e c i f i c a l l y ,  w e  have s e e n  (1) t h a t  t h e  nor- 
ma l i zed  o b s e r v a t i o n  n o i s e  i s  i n v a r i a n t  t o  mean-squared i n p u t  (which 
i n d i c a t e s  t h e  b a s i c  m u l t i p l i c a t i v i t y  o f  c o n t r o l l e r  r e m n a n t ) , ( 2 )  t h a t  
i t  i s  a l s o  i n v a r i a n t  w i t h  r e s p e c t  t o  i n p u t  bandwidth and t h e  p o i n t  
a t  which t h e  i n p u t  i s  i n j e c t e d  (which i n d i c a t e s  t h a t  t h e  u n d e r l y i n g  
p r o c e s s e s  a r e  f u n c t i o n a l l y  independen t  o f  i n p u t  p a r a m e t e r s ) ,  and 
( 3 )  t h a t  t h e  o b s e r v a t i o n  n o i s e  measurements va ry  w i t h  r e s p e c t  t o  
sys tem dynamics i n  t h e  manner p r e d i c t e d  ( t h e r e b y  v a l i d a t i n g  t h e  
b a s i c  s t r u c t u r e  of o u r  e n t i r e  model o f  t h e  human c o n t r o l l e r ) ,  
The o b s e r v a t i o n  n o i s e  s p e c t r a  computed from t h e  exper iments  
w i t h  K / s  dynamics were found t o  be i n t e r n a l l y  c o n s i s t e n t ,  w i t h i n  
t h e  framework of  o u r  modeL, w i t h  t h e  n o i s e  s p e c t r a  o b t a i n e d  w i t h  
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2 dynamics of K and K / s  . We i d e n t i f i e d  t h e  l a t t e r  two measurements 
w i t h  t h e  n o i s e  p r o c e s s e s  a s s o c i a t e d  w i t h  t h e  e s t i m a t i o n  of  e r r o r  
and e r r o r  r a t e ,  r e s p e c t i v e l y ,  and t h e s e  measures were manipu la ted  
a c c o r d i n g  t o  o u r  model t o  y i e l d  a q u a n t i t a t i v e  p r e d i c t i o n  o f  t h e  
o b s e r v a t i o n  n o i s e  spect rum t h a t  would be measured when t h e  v e h i c l e  
dynamics a r e  K / s .  This  p r e d i c t e d  spect rum was s e e n  t o  c o i n c i d e  w i t h  
t h e  spect rum computed from t h e  e x p e r i m e n t a l  K / s  d a t a .  T h i s  r e s u l t  
i s  ex t remely  i m p o r t a n t ,  because  i t  i n d i c a t e s  t h a t  t h e  n o i s e  p roces -  
s e s  a s s o c i a t e d  w i t h  t h e  e s t i m a t i o n  of  t h e  d i s p l a y e d  v a r i a b l e s  a r e  
independen t  o f  c o n t r o l l e d - e l e m e n t  dynamics. Although p a r a m e t e r s  
o f  t h e  i n p u t  s i g n a l  and v e h i c l e  dynamics may a f f e c t  t h e  spec t rum 
o f  t h e  c losed- loop  remnant ( and ,  t h u s ,  t h e  s c a l a r  o b s e r v a t i o n  n o i s e  
t o  which t h i s  remnant c a n  be r e f l e c t e d ) ,  t h e  s o u r c e s  u n d e r l y i n g  
c o n t r o l l e r  remnant can  b e  modelled a s  w h i t e  n o i s e  s p e c t r a  which 
themse lves  a r e  independen t  o f  c o n t r o l  sys tem p a r a m e t e r s ,  
Before  we s h a l l  be a b l e  t o  s p e c i f y  e x a c t l y  how t h e  model i s  t o  
be  a p p l i e d  i n  a  g e n e r a l  c o n t r o l  s i t u a t i o n ,  f u r t h e r  e x p e r i m e n t a t i o n  
w i l l  b e  n e c e s s a r y  t o  de te rmine  t h e  e x t e n t  t o  which t ime-delay  v a r i -  
a t i o n s  a r e  i m p o r t a n t .  S i n c e  t ime-delay v a r i a t i o n s  a f f e c t  t h e  c losed-  
loop remnant d i f f e r e n t l y  from o t h e r  p o t e n t i a l  remnant s o u r c e s  
( s c a l i n g  w i t h  e r r o r - r a t e  v a r i a n c e  i n s t e a d  o f  e r r o r  v a r i a n c e ) ,  time- 
d e l a y  e f f e c t s  would appear  t o  be  d i f f e r e n t i a b l e  from o t h e r  e f f e c t s  
v i a  a p p r o p r i a t e  e x p e r i m e n t a t i o n .  U n f o r t u n a t e l y ,  o u r  e x p e r i m e n t a l  
d a t a  - a l t h o u g h  e n t i r e l y  c o n s i s t e n t  w i t h  t h e  model - was i n a d e q u a t e  
t o  a l l o w  us t o  d i f f e r e n t i a t e  among t h e s e  s o u r c e s .  Note t h a t  s i n c e  
t h e  remain ing  s o u r c e s  of  remnant c o n s i d e r e d  i n  t h i s  r e p o r t  (obse rva -  
t i o n  n o i s e ,  motor n o i s e ,  and g a i n  v a r i a t i o n s )  a r e  s e e n  t o  b e  mathe- 
m a t i c a l l y  i n d i s t i n g u i s h a b l e ,  our  model r e q u i r e s  only  a  s i n g l e  param- 
e t e r  t o  accoun t  f o r  t h e  combined e f f e c t s  o f  t h e s e  t h r e e  s o u r c e s .  
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We a r e  i n t r i g u e d  by t h e  d i s c o v e r y  t h a t  t h e  normal ized  i n j e c t e d  
n o i s e  s p e c t r a  measured from t h e  K and K / S ~  d a t a  t u r n  o u t  t o  be 
w h i t e  n o i s e  s p e c t r a  h a v i n g  i d e n t i c a l  power d e n s i t y  l e v e l s  of  -20 dB 
( i . e . ,  0 .01  u n i t s  o f  normal ized  power p e r  r a d / s e c ) .  Although t h e  
-20 dB l e v e l  does n o t  a p p e a r  t o  be  o f  p a r t i c u l a r  s i g n i f i c a n c e ,  t h e  
f a c t  t h a t  t h e  two s p e c t r a  a r e  i d e n t i c a l  i m p l i e s , a t  l e a s t  from one 
mathemat ica l  p o i n t  o f  view, t h a t  t h e  n o i s e  p r o c e s s e s  a s s o c i a t e d  
w i t h  t h e  e s t i m a t i o n  o f  e r r o r  and e r r o r  r a t e  a r e  q u a n t i t a t i v e l y  the  
same. I f  w e  e x t r a p o l a t e  t h i s  r e s u l t  t o  conc lude  t h a t  a  -20 dB 
m u l t i p l i c a t i v e  n o i s e  p r o c e s s  i s  a s s o c i a t e d  w i t h  each  v a r i a b l e  t h a t  
t h e  c o n t r o l l e r  o b t a i n s  from h i s  d i s p l a y ,  t h e n  we f i n d  t h a t  we c a n  
p r e d i c t  t h e  c o n t r o l l e r  remnant spect rum i n  a g e n e r a l  s i n g l e - d i s p l a y ,  
m u l t i v a r i a b l e  c o n t r o l  s i t u a t i o n  w i t h  a  model t h a t  r e q u i r e s  knowledge 
of  on ly  a . F u r t h e r  e x p e r i m e n t a t i o n  w i l l  be neces-  
s a r y  t o  d e t e r m i n e  t h e  e x t e n t  t o  which such a n  e x t r a p o l a t i o n  i s  
j u s t i f i e d .  N e v e r t h e l e s s ,  w e  have shown t h a t  a s i n g l e - p a r a m e t e r  
model i s  adequa te  t o  d e s c r i b e  remnant i n  t h e  wide v a r i e t y  o f  s i n g l e -  
d i s p l a y  c o n t r o l  s i t u a t i o n s  t h a t  w e  have a n a l y z e d .  
Repor t  No. 1731 Bol t  Beranek and Newman I n c .  
P e r i p h e r a l  Viewing Condi t ions  
We have i n c l u d e d  r e s u l t s  o b t a i n e d  from p e r i p h e r a l  t r a c k i n g  
exper iments  because  we have found i n  some of o u r  r e c e n t  i n v e s t i -  
g a t i o n s  (Ref.  1) t h a t  p e r i p h e r a l  v i s f o n  i s  i m p o r t a n t  i n  t h e  con- 
t r o l  of m u l t i - d i s p l a y  sys tems i n  which t h e  d i s p l a y s  a r e  s p a t i a l l y  
s e p a r a t e d .  We t h e r e f o r e  f e e l  t h a t  a  s t u d y  of c o n t r o l l e r  remnant 
i n  such  s i t u a t i o n s  i s  i m p o r t a n t ,  because  i t  may u l t i m a t e l y  l e a d  
t o  d e s i g n  p rocedures  which t e n d  t o  minimize remnant a s s o c i a t e d  
w i t h  p e r i p h e r a l  viewing and t h u s  improve performance i n  r e a l i s t i c  
f l i g h t  c o n t r o l  s i t u a t i o n s ,  Fur the rmore ,  a  comparison o f  t h e  e q u i -  
v a l e n t  o b s e r v a t i o n  s p e c t r a  a s s o c i a t e d  w i t h  p e r i p h e r a l  and f o v e a l  
v iewing shou ld  a l l o w  us  t o  i n v e s t i g a t e  d i r e c t l y  t h e  n a t u r e  of t r u e  
o b s e r v a t i o n  n o i s e ,  unconfounded b y  t h e  e f f e c t s  o f  o t h e r  p o t e n t i a l  
remnant s o u r c e s .  
Frequency dependency o f  t h e  o b s e r v a t i o n  n o i s e  spectrum.--  
Manual c o n t r o l  d a t a  were o b t a i n e d  f o r  a  p e r i p h e r a l  v iewing a n g l e  
of 30' w i t h  t h e  input-command system of  F i g u r e  6 a .  V e h i c l e  dynam- 
2 i c s  were e i t h e r  K o r  K / s  . Except f o r  t h e  l o c a t i o n  of  t h e  d i s p l a y ,  
2 t h e  e x p e r i m e n t a l  c o n d i t i o n s  were i d e n t i c a l  t o  t h e  K and K / s  ex- 
p e r i m e n t s  t h a t  were d e s c r i b e d  p r e v i o u s l y .  
Normalized o b s e r v a t i o n  n o i s e  s p e c t r a  f o r  p e r i p h e r a l  and 
f o v e a l  v iewing are compared i n  F i g u r e  1 4 .  Placement of  t h e  d i s -  
p l a y  i n  t h e  p e r i p h e r y  i n c r e a s e d  t h e  l e v e l  of  t h e  normal ized  obse r -  
v a t i o n  n o i s e  s p e c t r a  f o r  b o t h  K and K / S ~  dynamics. We i n t e r p r e t  
t h i s  r e s u l t  a s  i n d i c a t i n g  a n  i n c r e a s e  i n  t h e  o b s e r v a t i o n  n o i s e  
l e v e l s  a s s o c i a t e d  wi th  e s t i m a t i o n  of e r r o r  and e r r o r  r a t e .  The 
p e r i p h e r a l  n o i s e  s p e c t r a  may be approximated by a  w h i t e  n o i s e  
spec t rum,  a l t h o u g h  t h e  match i s  n o t  n e a r l y  s o  good a s  i t  was f o r  
t h e  s p e c t ~ r a  cor respond ing  t o  f o v e a l  viewing.  The a v e r a g e  d i f f e r -  
e n c e s  between t h e  p e r i p h e r a l  and f o v e a l  normal ized  o b s e r v a t i o n  
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n o i s e  s p e c t r a  were 6 . 9  dB f o r  K dynamics and 4 .5  dB f o r  K / S ~  dynam- 
i c s ,  which r e s u l t  s u g g e s t s  t h a t  t h e  c o n t r o l l e r ' s  e s t i m a t i o n  o f  
e r r o r  ra te  i s  degraded l e s s  i n  t h e  p e r i p h e r y  t h a n  h i s  e s t i m a t i o n  
o f  e r r o r  p o s i t i o n .  
A s e t  of p e r i p h e r a l  t r a c k i n g  exper iments  was r u n  w i t h  K / s  
v e h i c l e  dynamics u s i n g  t h e  v e h i c l e - d i s t u r b a n c e  c o n f i g u r a t i o n  o f  
F i g u r e  6b. Normalized o b s e r v a t i o n  n o i s e  s p e c t r a  c o r r e s p o n d i n g  t o  
f o v e a l  v iewing and t o  t h r e e  p e r i p h e r a l  v iewing  c o n d i t i o n s  are 
shown i n  F i g u r e  15.  The p e r i p h e r a l  v iewing c o n d i t i o n s  r e p r e s e n t e d  
a r e  (1) a 16' v iewing a n g l e  w i t h  r e f e r e n c e  e x t r a p o l a t i o n  p o s s i b l e ,  
0 ( 2 )  a  16  v iewing a n g l e  w i t h  no r e f e r e n c e  e x t r a p o l a t i o n ,  and ( 3 )  a  
22' v iewing a n g l e  w i t h o u t  r e f e r e n c e  e x t r a p o l a t i o n .  
The s p e c t r a  were a l l  normal ized  w i t h  r e s p e c t  t o  sys tem e r r o r  
v a r i a n c e .  F i g u r e  1 5  shows t h a t  t h e  normal ized  s p e c t r a  n e a r l y  co- 
i n c i d e  a t  f r e q u e n c i e s  above 2 r a d / s e c ,  whereas t h e  s p e c t r a  d i f f e r  
n o t i c e a b l y  a t  lower  f r e q u e n c i e s .  The t r e n d  of  t h e  low-frequency 
b e h a v i o r  of  t h e  s p e c t r a  was c o n s i s t e n t  w i t h  t h e  t r e n d  i n  t a s k  
d i f f i c u l t y  ( i n d i c a t e d  by t h e  mean-squared e r r o r  s c o r e ) .  The f o v e a l  
t a s k  y i e l d e d  t h e  lowes t  MSE s c o r e  and t h e  lowes t  l e v e l  of  normal- 
i z e d  o b s e r v a t i o n  n o i s e ,  whereas t h e  h i g h e s t  MSE s c o r e s  and obse r -  
v a t i o n  n o i s e  l e v e l s  were o b t a i n e d  f o r  t h e  two p e r i p h e r a l  v iewing  
c o n d i t i o n s  t h a t  d i d  n o t  pe rmi t  r e f e r e n c e  e x t r a p o l a t i o n .  I n t e r -  
m e d i a t e  performance s c o r e s  and normal ized  o b s e r v a t i o n  n o i s e  l e v e l s  
were o b t a i n e d  f o r  t h e  16' v iewing c o n d i t i o n  i n  which r e f e r e n c e  
e x t r a p o l a t i o n  was p o s s i b l e .  We conc lude ,  t h e r e f o r e ,  t h a t  t h e  
e q u i v a l e n t  o b s e r v a t i o n  n o i s e  l e v e l s  t h a t  we have measured r e f l e c t  
i n  p a r t  t h e  v i s u a l  c h a r a c t e r i s t i c s  o f  t h e  display--more p r e c i s e l y ,  
t h e  v i s u a l  i n t e r a c t i o n  between t h e  d i s p l a y  and t h e  o b s e r v e r .  
A l l  o f  t h e  normal ized  o b s e r v a t i o n  n o i s e  s p e c t r a  c o r r e s p o n d i n g  
t o  K / s  dynamics were approximated  by f i r s t - o r d e r  n o i s e  p r o c e s s e s  
whose pa ramete r s  were chosen t o  mindmize t h e  mean-squared d i f f e r -  
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ence  between t h e  e x p e r i m e n t a l  and a n a l y t i c a l  n o i s e  p r o c e s s e s ,  
Tab le  3 shows t h a t  a  p r o g r e s s i v e  d e g r a d a t i o n  of  t h e  v iewing  con- 
d i t i o n s  r e s u l t s  i n  a n  i n c r e a s e  i n  t h e  a s y m p t o t i c  low-frequency 
n o i s e  l e v e l  and a  d e c r e a s e  i n  t h e  l o c a t i o n  of  t h e  b reak  f r e q u e n c y .  
I n  summary, we s e e  t h a t  t h e  form of  t h e  a n a l y t i c  e x p r e s s i o n  
t h a t  b e s t  d e s c r i b e s  t h e  o b s e r v a t i o n  n o i s e  spect rum f o r  a  g i v e n  s e t  
of  v e h i c l e  dynamics remains  unchanged by placement  o f  t h e  d i s p l a y  
i n  t h e  p e r i p h e r a l  v i s u a l  f i e l d .  The pa ramete r  v a l u e s  o f  t h e s e  
e x p r e s s i o n s ,  however, a r e  s t r o n g l y  dependent  on t h e  p a r t i c u l a r s  
o f  t h e  viewing c o n d i t i o n s .  
M u l t i p 1 i c a t i v i t y . - - T h e  d a t a  o b t a i n e d  from t h e  p e r i p h e r a l  
t r a c k i n g  exper iments  were ana lyzed  t o  de te rmine  whether  o r  n o t  
t h e  b a s i c  assumption of  m u l t i p l i c a t i v i t y  h o l d s  f o r  t h e  remnant 
s o u r c e s  a s s o c i a t e d  w i t h  p e r i p h e r a l  v iewing.  A s e t  of  s i n g l e - v a r i -  
a b l e  exper iments  was performed i n  which t h e  mean-squared i n p u t  was 
v a r i e d  by a  f a c t o r  o f  abou t  4 .  The c o n t r o l  s i t u a t i o n  was t h e  K / s  
sys tem-d i s tu rbance  s i t u a t i o n  d e s c r i b e d  above,  and i n p u t  power 
l e v e l s  of e i t h e r  0.22 o r  0.87 ( d e g / s e c ) 2  o f  induced d i s p l a y  r a t e  
were used .  
The o b s e r v a t i o n  n o i s e  s p e c t r a  o b t a i n e d  w i t h  t h e s e  two i n p u t  
l e v e l s  were n e a r l y  i d e n t i c a l ,  when normal ized  w i t h  r e s p e c t  t o  
e r r o r  v a r i a n c e , a n d  a r e  n o t  shown i n  t h i s  r e p o r t .  Th i s  i d e n t i t y  i s  
a n e c e s s a r y  consequence of t h e  model of m u l t i p l i c a t i v i t y .  It i s  
n o t  s u f f i c i e n t ,  however, t o  v a l i d a t e  t h a t  model. Cons ide r ,  f o r  
example, a  s i t u a t i o n  i n  which t h e  remnant i s  caused  b y  a  n o i s e  
i n j e c t i o n  of  a f i x e d  l e v e l  t h a t  i s  s o  g r e a t  t h a t  most of t h e  mean- 
s q u a r e d  sys tem e r r o r  r e s u l t s  from t h e  remnant s o u r o e  r a t h e r  t h a n  
from t h e  f o r c i n g  f u n c t i o n .  V a r i a t i o n s  i n  t h e  f o r c i n g  f u n c t i o n  
might t h e n  have l i t t l e  e f f e c t  on mean-squared e r r o r  and,  conse-  
q u e n t l y ,  l i t t l e  e f f e c t  on t h e  normal ized  o b s e r v a t i o n  n o i s e .  An 
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a d d i t i o n a l  consequence o f  t h e  m u l t i p l i c a t i v e  model, t h e n ,  i s  t h a t  
t h e  e r r o r  v a r i a n c e  s c a l e  w i t h  t h e  i n p u t  v a r i a n c e ,  
Table  4 shows t h a t  t h e  e r r o r  v a r i a n c e  d i d  not  s c a l e  w i t h  t h e  
i n p u t  v a r i a n c e  under a l l  v iewing c o n d i t i o n s .  Although t h e  e r r o r  
v a r i a n c e  i n c r e a s e d  by a lmost  t h e  same f a c t o r  a s  t h e  i n p u t  v a r i -  
ance  when t h e  d i s p l a y  was viewed f o v e a l l y ,  t h e  e r r o r  a c t u a l l y  de- 
c r e a s e d  s l i g h t l y  w i t h  i n c r e a s i n g  i n p u t  v a r i a n c e  when t h e  d i s p l a y  
was viewed p e r i p h e r a l l y  w i t h o u t  t h e  b e n e f i t  o f  z e r o  r e f e r e n c e  
e x t r a p o l a t i o n .  Table  3 a l s o  shows t h a t ,  excep t  f o r  f o v e a l  view- 
i n g ,  t h e  f r a c t i o n a l  remnant power d e c r e a s e d  w i t h  i n c r e a s i n g  i n p u t  
power. S ince  t h e  f r a c t i o n a l  remnant power i s  r e l a t e d  t o  t h e  l e v e l  
of t h e  o b s e r v a t i o n  n o i s e ,  t h i s  t r e n d  i n d i c a t e s  t h a t  t h e  a b s o l u t e  
l e v e l  of  t h e  o b s e r v a t i o n  n o i s e  i n c r e a s e d  by a  l e s s e r  f r a c t i o n  t h a n  
t h e  mean-squared i n p u t .  Thus, f o r  p e r i p h e r a l  viewing c o n d i t i o n s ,  
o u r  n o t i o n s  of m u l t i p l i c a t i v i t y  a r e  v i o l a t e d .  
Summary and discussion.--We have a n a l y z e d  t h e  r e s u l t s  o b t a i n e d  
from a v a r i e t y  o f  manual c o n t r o l  exper iments  i n  which t h e  s u b j e c t  
was r e q u i r e d  t o  view t h e  d i s p l a y  p e r i p h e r a l l y .  Normalized observa-  
t i o n  n o i s e  s p e c t r a  computed from t h i s  body o f  d a t a  has  been com- 
pa red  w i t h  t h e  o b s e r v a t i o n  n o i s e  s p e c t r a  o b t a i n e d  from cor respond-  
i n g  f o v e a l  t r a c k i n g  r e s u l t s .  D i f f e r e n c e s  between c o r r e s p o n d i n g  
p a i r s  of  s p e c t r a  a r e  assumed t o  r e f l e c t  d i f f e r e n c e s  i n  t h e  t r u e  
o b s e r v a t i o n  n o i s e  p r o c e s s  o n l y .  S i n c e  t h e  m a n i p u l a t o r  c h a r a c t e r -  
i s t i c s  wese h e l d  i n v a r i a n t ,  t h e  motor n o i s e  p r o c e s s  shou ld  have 
remained i n v a r i a n t  a l s o ;  and s i n c e  no s i d e  t a s k s  were i n t r o d u c e d  
t o  d i v e r t  t h e  s u b j e c t ' s  a t t e n t i o n ,  we would n o t  expec t  a p p r e c i a b l e  
changes i n  t h e  t i m e - v a r i a t i o n a l  c h a r a c t e r i s t i c s  o f  t h e  c o n t r o l l -  
e r r s  d e s c r i b i n g  f u n c t i o n .  
Observa t ion  n o i s e  s p e c t r a  were computed f o r  c o n t r o l  s i t u a t i o n s  
2 i n  which t h e  v e h i c l e  dynamics were K ,  K / s ,  K / s  , A s  was t h e  c a s e  
when t h e  d i s p l a y  was viewed f o v e a l l y ,  t h e  n o i s e  s p e c t r a  o b t a i n e d  
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E f f e c t  of Mean-Squared I n p u t  on E r r o r  V a r i a n c e  
and  F r a c t i o n a l  Remnant Power 
Viewing C o n d i t i o n s  PIS I n p u t  i n  ( d e ~ / s e c ) ~  
0 .22  0.87 
a .  E r r o r  V a r i a n c e  i n  deg. 2  
F o v e a l  1 3  .44 
16' p e r i p h .  r e f .  e x t  . .38 . 7 1  
16' p e r i p h .  no r e f  . e x t .  1 . 0  .88  
22' p e r i p h .  no r e f  . e x t .  1 . 3  1 . 2  
* 
b .  F r a c t i o n a l  Remnant Power 
F o v e a l  . 1 3  . 25  
16' p e r i p h .  r e f .  e x t  . .55  35 
16' p e r i p h .  no r e f  . e x t .  . 6 0  .53  
22' p e r i p h .  no r e f  . e x t .  . 73  58 
Average o f  3 s u b j e c t s ,  1 run / sub , j ec t  
# 
" F r a c t i o n a l  remnant  power" i s  d e f i n e d  a s  t h e  f r a c t i o n  
o f  s i g n a l  power t h a t  i s  n o t  l i n e a r l y  c o r r e l a t e d  w i t h  
t h e  f o r c i n g - f u n c t i o n .  
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under  p e r i p h e r a l  v iewinp c o n d i t i o n s  were approx imate ly  w h i t e  
n o i s e  p r o c e s s e s  when t h e  dynamics were K and K / s 2  and were 
approx imate ly  f i r s t - o r d e r  when t h e  dynamics were K / s .  The p e r i -  
p h e r a l  t rackin :  r e s u l t s  t h u s  add f u r t h e r  s u p p o r t  t o  o u r  h y p o t h e s i s  
t h a t  remnant can be c o n s i d e r e d  t o  a r i s e  from an e q u i v a l e n t  v e c t o r  
o b s e r v a t i o n  n o i s e  p r o c e s s  of  which t h e  components a r e  w h i t e  n o i s e  
p r o c e s s e s .  
Comparison o f  Foveal  and P e r i p h e r a l  R e s u l t s  
The power d e n s i t y  l e v e l s  of t h e  component p r o c e s s e s  i n c r e a s e d  
a s  t h e  d i s p l a y  was moved from t h e  f o v e a  t o  t h e  p e r i p h e r y .  These 
changes were i n t e r p r e t e d  a s  i n c r e a s e s  i n  t h e  n o i s e  l e v e l s  a s s o c i -  
a t e d  w i t h  t r u e  o b s e r v a t i o n  n o i s e ;  t h e  n o i s e  p r o c e s s e s  co r respond-  
i n g  t o  motor n o i s e ,  g a i n  v a r i a t i o n s ,  and t ime  d e l a y  v a r i a t i o n s  
were assumed t o  be  i n v a r i a n t  w i t h  r e s p e c t  t o  d i s p l a y  l o c a t i o n  and 
t h u s  t o  c o n t r i b u t e  s i m i l a r l y  t o  b o t h  t h e  f o v e a l  and p e r i p h e r a l  
remnant d a t a .  S i n c e  a  l a r g e r  p e r i p h e r a l - f o v e a l  d i f f e r e n c e  was 
found f o r  t h e  normal ized  o b s e r v a t i o n  n o i s e  p r o c e s s  a s s o c i a t e d  w i t h  
e s t i m a t i o n  of e r r o r  t h e n  w i t h  e s t i m a t i o n  of e r r o r  r a t e ,  we con- 
c l u d e  t h a t  e s t i m a t i o n  of p o s i t i o n  i s  degraded more r a p i d l y  t h a n  
e s t i m a t i o n  of  v e l o c i t y  i n  t h e  p e r i p h e r y ,  We n o t e  h e r e  t h a t  t h e  
K / s  r e s u l t s  a r e  c o n s i s t e n t  w i t h  t h i s  c o n c l u s i o n .  The K / s  d a t a  
r e v e a l e d  t h a t  t h e  a s y m p t o t i c  low-frequency b e h a v i o r  of  t h e  normal ized  
o b s e r v a t i o n  n o i s e  snect rum i n c r e a s e d ,  and t h e  break-f requency o f  
t h e  spect rum d e c r e a s e d ,  a s  t h e  p e r i p h e r a l  v iewing c o n d i t i o n s  were 
p r o g r e s s i v e l y  degraded .  Our model would accoun t  f o r  t h i s  b e h a v i o r  
b y  a  p r o g r e s s i v e  i n c r e a s e  i n  t h e  q a i n  on e r r o r  r a t e  and a  pro-  
g r e s s i v e  d e c r e a s e  i n  t h e  g a i n  on e r r o r ,  and t h i s  i s  e x a c t l y  how 
one would e x p e c t  t h e  c o n t r o l l e r  t o  behave i f  h i s  a b i l i t v  t o  e s t i -  
mate p o s i t i o n  was d e ~ r a d e d  r e l a t i v e  t o  h i s  a b i l i t y  t o  e s t i m a t e  
v e l o c i t y .  
The o b s e r v a t i o n  n o i s e  s p e c t r a  comnuted from t h e  n e r i p h e r a l  
t r a c k i n e  r e s u l t s  d i f f e r  from t h o s e  c o m ~ u t e d  from t h e  f o v e a l  
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r e s u l t s  i n  one ve ry  i m p o r t a n t  a s p e c t :  t h e  p e r i p h e r a l  d a t a  d o  n o t  
s u p p o r t  t h e  n o t i o n  t h a t  c o n t r o l l e r  remnant a r i s e s  e n t i r e l v  from 
m u l t i p l i c a t i v e  n o i s e  p r o c e s s e s .  T h i s  c o n c l u s i o n  i s  based  on t h e  
f a i l u r e  o f  t h e  mean-squared sys t em e r r o r  ( p a r t i c u l a r l y  t h e  p o r t i o n  
r e l a t e d  t o  c o n t r o l l e r  r emnan t )  t o  s c a l e  w i t h  mean-squared i n p u t .  
It t h u s  a p p e a r s  t h a t  e a c h  component of  t h e  e q u i v a l e n t  v e c t o r  i n -  
J e c t e d  o b s e r v a t i o n  n o i s e  p r o c e s s  s h o u l d  be r e p r e s e n t e d  by a  model 
c o n s i s t i n g  of  t h e  sum of  t h r e e  w h i t e  n o i s e  p r o c e s s e s :  ( a )  a n  
e q u i v a l e n t  m u l t i p l i c a t i v e  o b s e r v a t i o n  n o i s e  p r o c e s s  t h a t  i s  s c a l e d  
by t h e  v a r i a n c e  of t h e  c o r r e s p o n d i n g  s t a t e  v a r i a b l e ,  ( b )  a  m u l t i -  
p l i c a t i v e  p r o c e s s  t o  accoun t  f o r  t ime-de lay  v a r i a t i o n s  which i s  
s c a l e d  by t h e  c o n t r o l l e r ' s  t i m e  d e l a y  and  by t h e  v a r i a n c e  o f  t h e  
r a t e -o f -change  of  t h e  s t a t e  v a r i a b l e ,  and ( c )  a n  a d d i t i o n a l  pro-  
c e s s  t h a t  is r e l a t e d  I n  a manner a s  y e t  undetermined t o  t h e  
v a r i o u s  f a c t o r s ,  b o t h  n e u r o p h y s i o l o g i c a l  and e n v i r o n m e n t a l ,  t h a t  
a f f e c t  t h e  o b s e r v a t i o n a l  c h a r a c t e r i s t i c s  o f  t h e  p a r t i c u l a r  d i s -  
p l a y  
Because t h e  n o i s e  p r o c e s s e s  subsumed by I t em ( c )  above  a p p e a r  
t o  be  t h e  ones  t h a t  c a n  most e a s i l y  be  man ipu la t ed  by c o n t r o l  s y s -  
tem d e s i g n ,  a s t u d y  o f  t h e s e  p r o c e s s e s  may be  t h e  most r e l e v a n t  
a r e a  o f  i n v e s t i g a t i o n  i n  any f u r t h e r  s t u d i e s  o f  c o n t r o l l e r  remnant .  
We conc lude ,on  t h e  b a s i s  of t h e  u n e x p e c t e d l y  c o n s i s t e n t  r e s u l t s  
o b t a i n e d  from t h e  f o v e a l  t r a c k i n g  d a t a ,  t h a t  t h e  t r u l y  m u l t i p l i c a -  
t i v e  s o u r c e s  o f  remnant a r e  most l i k e l y  t o  r e p r e s e n t  i r r e d u c i b l e  
n o i s e  p r o c e s s e s  t h a t  a r e  i n h e r e n t  t o  t h e  c o n t r o l l e r .  On t h e  
o t h e r  hand,  o u r  e x p e r i m e n t s  on p e r i p h e r a l  t r a c k i n g  w i t h  and  wi th -  
o u t  t h e  f a c i l i t p  f o r  z e r o  r e f e r e n c e  e x t r a p o l a t i o n  show t h a t  p e r i -  
p h e r a l  o b s e r v a t i o n  n o i s e  s p e c t r a  can  be  s i g n i f i c a n t l y  a f f e c t e d  by 
t h e  d e s i g n  o f  t h e  d i s p l a y s .  The o b s e r v a t i o n  n o i s e  s p e c t r u m ,  
t h e r e f o r e ,  shou ld  p rove  t o  be  a u s e f u l  measure o f  t h e  t r u e  ob- 
s e r v a t i o n a l  c h a r a c t e r i s t i c s  o f  a d i s p l a y ,  and means f o r  r e d u c i n g  
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t h i s  n o i s e  p r o c e s s  s h o u l d  r e s u l t  i n  s u p e r i o r  d i s p l a y s  f o r  m u l t i -  
d i s p l a y  c o n t r o l  s i t u a t i o n s .  
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V I .  CONCLUSIONS 
Summary o f  R e s u l t s  
A wh i te -no i se  model of  e q u i v a l e n t  o b s e r v a t i o n  n o i s e  h a s  been 
developed f o r  p r e d i c t i n g  t h e  s p e c t r a l  c h a r a c t e r i s t i c s  of  human 
c o n t r o l l e r  remnant i n  s i n c l e - d i s p l a y  c o n t r o l  s i t u a t i o n s ,  and p re -  
d i c t i o n s  of  c o n t r o l l e r  b e h a v i o r  b a s e d  on t h i s  model a r e  v e r i f i e d  
by t h e  d a t a  o b t a i n e d  from a  wide v a r i e t y  of  manual c o n t r o l  e x p e r i -  
ments .  The p r i n c i p a l  c o n c l u s i o n s  o f  t h i s  r e p o r t  a r e  a s  f o l l o w s .  
1. Remnant can  b e  modelled by l i n e a r l y  independen t  w h i t e  
n o i s e  p r o c e s s e s  i n j e c t e d  on each  o f  t h e  v a r i a b l e s  t o  be  e s t i m a t e d  
by  t h e  c o n t r o l l e r ,  where t h e  " e s t i m a t e d "  v a r i a b l e s  a r e  t h o s e  d i s -  
p layed  p l u s  t h e i r  f i r s t  d e r i v a t i v e s .  
2 .  For  c o n t r o l  s i t u a t i o n s  i n  which t h e  d i s p l a y  i s  viewed 
f o v e a l l y ,  t h e  i n j e c t e d  n o i s e  p r o c e s s e s  a r e  o f  t h e  form 
where Rx i s  t h e  n o i s e  p r o c e s s  added t o  t h e  v a r i a b l e  "x"; 0: and 
a r e  t h e  v a r i a n c e s  o f  x and i t s  first d e r i v a t i v e ,  r e s p e c t i v e l y ;  
'lo i s  t h e  c o n t r o l l e r ' s  e f f e c t i v e  t i m e  d e l a y ;  and Px and P, a r e  w h i t e  
n o i s e  p r o c e s s e s  a s s o c i a t e d  w i t h  a n  e q u i v a l e n t  m u l t i p l i c a t i v e  obse r -  
v a t i o n  n o i s e  and w i t h  t ime  v a r i a t i o n s  i n  t h e  c o n t r o l l e r ' s  t i m e  d e l a y ,  
r e s p e c t i v e l y .  Px and P, a r e  assumed t o  b e  e n t i r e l y  independen t  o f  
sys tem and s i g n a l  p a r a m e t e r s .  
3. For  a l l  o f  t h e  f o v e a l  t r a c k i n g  d a t a  a n a l y z e d  i n  t h i s  r e p o r t ,  
we f i n d  t h a t  t h e  remnant can  be modelled by t h e  f i rs t  t e r m  of equa- 
t i o n  ( 4 0 )  a l o n e ;  Px i s  t h e n  g i v e n  as 0 .01  u n i t s  of normal ized  power 
p e r  r ad / second ,  e v a l u a t e d  over  p o s i t i v e  f r e q u e n c i e s  o n l y .  T h i s  
pa ramete r  i s  s e e n  t o  be i n v a r i a n t  w i t h  r e s p e c t  t o  mean-squared inpu t . ,  
i n p u t  bandwidth ,  t h e  p o i n t  a t  which t h e  i n p u t  e n t e r s  t h e  s y s t e m ,  and 
v e h i c l e  dynamics. 
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4 .  Equa t ion  ( 4 0 )  i s  n o t  adequa te  t o  model t h e  o b s e r v a t i o n  
n o i s e  p r o c e s s  when t h e  d i s p l a y  i s  viewed p e r i p h e r a l l y ,  An add i -  
t i o n a l  w h i t e  n o i s e  p r o c e s s  must be i n c l u d e d  which i s  r e l a t e d  i n  a 
complex manner t o  t h e  c h a r a c t e r i s t i c s  of  t h e  d i s p l a y e d  v a r i a b l e .  
5. It appears  t h a t  m u l t i p l i c a t i v e  p r o c e s s e s  a s s o c i a t e d  w i t h  
t r u e  o b s e r v a t i o n  n o i s e ,  motor  n o i s e ,  and c o n t r o l l e r  g a i n  v a r i a t i o n s  
a r e  i n d i s t i n g u i s h a b l e  i n  te rms o f  t h e i r  e f f e c t s  on c o n t r o l l e r  rem- 
n a n t .  Time-delay v a r i a t i o n s  s h o u l d  a f f e c t  remnant somewhat d i f f e r -  
e n t l y ;  n e v e r t h e l e s s ,  o u r  d a t a  b a s e  does n o t  a l l o w  us  t o  compare t h e  
r e l a t i v e  c o n t r i b u t i o n s  o f  t ime d e l a y  v a r i a t i o n s  and o f  o t h e r  poten-  
t i a l  s o u r c e s  t o  t h e  p r o d u c t i o n  o f  c o n t r o l l e r  remnant .  
S i n c e  t h e  d a t a  we have a r e  i n c o n c l u s i v e  as t o  which of  t h e  
p o t e n t i a l  remnant s o u r c e s  a r e  most i m p o r t a n t ,  w e  c a n  only  s p e c u l a t e  
on t h i s  m a t t e r .  The amazing c o n s i s t e n c y  we have found i n  a n a l y z i n g  
t h e  f o v e a l  t r a c k i n g  d a t a  l e a d s  us t o  s u s p e c t  t h a t  t h e  remnant t h a t  
we have measured i n  t h o s e  s i t u a t i o n s  a r i s e s  from some s o r t  of  ir-  
r e d u c i b l e  d i s t u r b a n c e  p r o c e s s  o p e r a t i n g  w i t h i n  t h e  c o n t r o l l e r ' s  
c e n t r a l  p r o c e s s o r .  A t  t h i s  s t a g e  i n  our  t h i n k i n g ,  we f i n d  i t  most 
conven ien t  t o  t h i n k  o f  t h e  i r r e d u c i b l e  component o f  remnant a s  a r i s -  
i n g  from t ime v a r i a t i o n s  i n  c o n t r o l l e r  g a i n .  (We p r e f e r  g a i n  v a r i -  
a t i o n s  t o  t ime-delay v a r i a t i o n s  because  o f  t h e  way i n  which t h e s e  
p r o c e s s e s  i n t e r a c t  w i t h  t h e  d i s p l a y e d  s i g n a l s .  Our d a t a ,  however, 
would s u p p o r t  e i t h e r  n o t i o n  e q u a l l y  w e l l .  ) 
The p e r i p h e r a l  t r a c k i n g  r e s u l t s ,  on t h e  o t h e r  hand,  appear  t o  
d i r e c t l y  i l l u s t r a t e  t h e  e f f e c t s  o f  t r u e  o b s e r v a t i o n  n o i s e  p r o c e s s e s  
a s s o c i a t e d  w i t h  p e r i p h e r a l  v iewing,  Our e x p e r i m e n t a l  r e s u l t s  w i t h  
and w i t h o u t  t h e  f a c i l i t y  f o r  z e r o  r e f e r e n c e  e x t r a p o l a t i o n  i l l u s t r a t e  
t h a t  t h i s  o b s e r v a t i o n  n o i s e  p r o c e s s ,  a l o n g  w i t h  sys tem performance 
a s  a whole,  can  be s i g n i f i c a n t l y  a f f e c t e d  by t h e  d e s i g n  of t h e  d i s -  
p l a y s .  The o b s e r v a t i o n  n o i s e  spect rum,  t h e r e f o r e ,  s h o u l d  prove t o  
be a  u s e f u l  measure of  t h e  t r u e  o b s e r v a t i o n a l  n o i s e  c h a r a c t e r i s t i c s  
of  a  d i s p l a y ,  and a means f o r  r e d u c i n g  t h i s  n o i s e  p r o c e s s  s h o u l d  
r e s u l t  i n  s u p e r i o r  d i s p l a y s  f o r  m u l t i - d i s p l a y  c o n t r o l  s i t u a t i o n s .  
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F u t u r e  Work 
Although most of t h e  e x p e r i m e n t a l  d a t a  a n a l y z e d  i n  t h i s  r e p o r t  
conf i rmed  t h e  b a s i c  a s sumpt ions  on which we c o n s t r u c t e d  o u r  model  
o f  c o n t r o l l e r  remnant ,  c e r t a i n  g a p s  i n  o u r  knowledge were r e v e a l e d .  
We d i s c o v e r e d  t h a t  o u r  d a t a  b a s e  was n o t  s u f f i c i e n t  t o  a l l o w  us  t o  
d e t e r m i n e  t h e  impor tance  o f  t ime-de lay  v a r i a t i o n s ,  r e l a t i v e  t o  o t h e r  
p o t e n t i a l  s o u r c e s  o f  remnant ,  and  we found t h a t  t h e  o b s e r v a t i o n  
n o i s e  a s s o c i a t e d  w i t h  p e r i p h e r a l  v i ewing  o f  t h e  d i s p l a y s  was r e l a t e d  
i n  a n o n l i n e a r  ( a n d  as y e t  unde te rmined)  way t o  t h e  c h a r a c t e r i s t i c s  
of t h e  o b s e r v e d  s i g n a l s .  Consequen t ly ,  f u r t h e r  e x p e r i m e n t a l  r e s e a r c h  
w i l l  b e  r e q u i r e d  b e f o r e  we a r e  a b l e  t o  model a d e q u a t e l y  t h e  mechan- 
isms r e s p o n s i b l e  f o r  p roduc ing  c o n t r o l l e r  remnant .  A d d i t i o n a l  t h e o -  
r e t i c a l  and e x p e r i m e n t a l  work w i l l  be  n e c e s s a r y  t o  d e v e l o p  and  t e s t  
a p r o c e d u r e  by which t h e  model o f  e q u i v a l e n t  o b s e r v a t i o n  n o i s e  c a n  
b e  i n c o r p o r a t e d  i n t o  a n  o v e r a l l  r e p r e s e n t a t i o n  o f  t h e  e n t i r e  man- 
v e h i c l e  s y s t e m .  
I n  t h i s  c h a p t e r  we o u t l i n e  a d d i t i o n a l  r e s e a r c h  a l o n g  t h e  f o l l o w -  
i n g  p a t h s :  (1) i n v e s t i ~ a t i o n  o f  t h e  dependence o f  o b s e r v a t i o n  n o i s e  
upon sys t em and e n v i r o n m e n t a l  f a c t o r s ;  ( 2 )  i d e n t i f i c a t i o n  o f  t h e  pro-  
c e s s e s  u n d e r l y i n g  c o n t r o l l e r  r emnan t ;  and ( 3 )  a p p l i c a t i o n  o f  t h e  ob- 
s e r v a t i o n  n o i s e  model .  The p roposed  r e s e a r c h  i s  summarized i n  T a b l e  5 .  
Dependence o f  o b s e r v a t i o n  n o i s e  upon sys t em and envi ronment . - -  
It i s  c l e a r , b o t h  from t h e  n e u r o p h y s i o l o g i c a l  s t r u c t u r e  o f  t h e  v i s u a l  
sys t em and from s t u d i e s  o f  p e r c e p t i o n ,  t h a t  t h e  o b s e r v a t i o n  n o i s e  
p r o c e s s  a s s o c i a t e d  w i t h  p e r i p h e r a l  v iewing must be  g r e a t e r  t h a n  
t h a t  accompanying f o v e a l  v i ewing ,  Our measurements o f  e q u i v a l e n t  
o b s e r v a t i o n  n o i s e  (which i n c l u d e  t h e  e f f e c t s  o f  a  number o f  f a c t o r s  
b e s i d e s  t r u e  o b s e r v a t i o n  n o i s e )  b e a r  t h i s  o u t  i n  a  manual c o n t r o l  
c o n t e x t .  F u r t h e r m o r e ,  we have  s e e n  t h a t  t h e  o b s e r v a t i o n  n o i s e  
changes w i t h  t h e  d i s p l a y  c h a r a c t e r i s t i c s ,  a s  w e l l  as w i t h  t h e  
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'Table 5 
Out l i n e  o f  P roposed  r u t  u r e  klork: 
A .  Dependence o f  obser lva . t ion  n o i s e  upon s y s t c r "  and e n v i r o n n e n t  
1. R e l a t i o n  be tween  o b s e r v a t i o n  n o i s e  a n d  d i s p l a y  p a r a m e t e r s :  
a .  D i s t a n c e  of  d i s p l a y  i n t o  t h e  p e r i p h e r y  
b. R a d i a l  a l o n ~  which d i s p l a y  i s  p l a c e a  i n  the p e r i p h e r y .  
c .  Type o f  p r e s e n t a t i o n  p r o v i d e d  b y  the d i s p l a y .  
2 .  Dependence on  s i g n a l  c h a r a c t e r i s t i c s  ( p e r i p h e r a l  v i e w i n p ) :  
a .  S i c n a l  a m p l i t u d e  
b .  Shape o f  s i c n a l  s p e c t r u m  
3.  Dependence on m a n i p u l a t o r  c h a r a . c t e r i s t i c s  
4. Cependence on  mode o f  s e n s o r y  f e e d b a c k :  
a .  K i n e s t h e t i c  f e e d b a c k  
b .  T a c t i l e  f e e d b a c k  
B.  I d e n t i f i c a t i o n  o f  t h e  s o u r c e s  u n d e r l y i n g  c o n t r o l l e r  remnant  
1. D i s t i n ~ u i s h  be tween  t i m e - d e l a y  v a r i a t i o n s  and o t h e r  e f f e c t s  
2 .  D i s t i n c u i s h  among o t h e r  e f f e c t s :  
a .  C o n t r o l - l e r  ~ a i n  v a r i a t i o n s  
b .  T rue  o b s e r v a t i o n  n o i s e  
c .  Motor n o i s e  
A p p l i c a t i o n  o f  o b s e r v a t i o n  n o i s e  model 
1. Develop o p t i m a l  p i l o t  model v:hich i n c o r p o r a t e s  models o f  
e q u i v a l e n t  o b s e r v a t i o n  n o i s e  
2 .  Apply model  t o  c o n t r o l  s i t u a t i o n s  o f  i n t e r e s t  
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l o c a t i o n  of t h e  d i s p l a y  w i t h i n  t h e  p e r i p h e r a l  f i e l d .  C l e a r l y ,  a n  
i n v e s t i g a t i o n  of  p e r i p h e r a l  o b s e r v a t i o n  n o i s e  s h o u l d  examine  t h e  
e f f e c t s  o f  d i s p l a y  p a r a m e t e r s  s u c h  as :  (1) d i s t a n c e  o f  t h e  d i s p l a y  
i n t o  t h e  p e r i p h e r y ,  (2) d i r e c t i o n  i n t o  t h e  p e r i p h e r y ,  and  ( 3 )  t y p e  
of p r e s e n t a t i o n  p r o v i d e d  b y  t h e  d i s p l a y  ( e  . g . ,  moving t a p e ,  moving 
n e e d l e ,  o s c i l l o s c o p i c  p r e s e n t a t i o n ) .  I n  a d d i t i o n ,  e f f e c t s  o f  r e -  
l a t e d  e n v i r o n m e n t a l  f a c t o r s  s u c h  a s  i l l u m i n a t i o n  o f  t h e  background  
and  of  t h e  v i s u a l  s u r r o u n d  s h o u l d  be i n v e s t i g a t e d ,  
The r e l a t i o n s h i p  be tween  o b s e r v a t i o n  n o i s e  and  t h e  s p e c t r a l  
c h a r a c t e r i s t i c s  o f  t h e  d i s p l a y e d  v a r i a b l e  - e s p e c i a l l y  f o r  p e r i -  
p h e r a l  v i e w i n g  - s h o u l d  b e  i n v e s t i g a t e d .  We have  shown t h a t  t h e  
o b s e r v a t i o n  n o i s e  power l e v e l  f a i l s  t o  v a r y  p r o p o r t i o n a l l y  w i t h  
s i g n a l  power d u r i n g  p e r i p h e r a l  v i e w i n g ,  which i n d i c a t e s  t h a t  t h e  
o b s e r v a t i o n  n o i s e  i s  a  n o n l i n e a r  f u n c t i o n  o f  t h e  s i g n a l  power.  
Because  o f  complex phenomena a s s o c i a t e d  w i t h  p e r i p h e r a l  v i s i o n  ( i n  
p a r t i c u l a r ,  t h e  t endency  t o  c o m p l e t e l y  l o s e  s i g h t  o f  s i g n a l s  t h a t  
a r e  moving r e l a t i v e l y  s l o w l y ) ,  we s u s p e c t  t h a t  o b s e r v a t i o n  n o i s e  
i s  d e p e n d e n t  on t h e  c h a r a c t e r i s t i c s  o f  t h e  s i g n a l  i n  a complex w a y ,  
O t h e r  i n v e s t i g a t o r s  ( R e f .  3 2 )  have  shown t h a t  t r a c k i n g  p e r -  
formance  v a r i e s  w i t h  t h e  f o r c e - d i s p l a c e m e n t  c h a r a c t e r i s t i c s  o f  t h e  
c o n t r o l  d e v i c e .  S i n c e  t h e  p u b l i s h e d  d a t a  a r e  n o t  d e t a i l e d  enough 
t o  a l l o w  us  t o  p i n p o i n t  t h e  e x a c t  n a t u r e  o f  t h i s  dependency ,  we c a n  
o n l y  s p e c u l a t e  a t  t h i s  p o i n t .  One p o s s i b i l i t y  i s  t h a t  pe r fo rmance  
v a r i e s  b e c a u s e  a change i n  t h e  m a n i p u l a t o r  c h a r a c t e r i s t i c s  e f f e c t i v e l y  
changes  t h e  dynamics  o f  t h e  t o t a l  p l a n t  and  t h e r e b y  makes t h e  s y s t e m  
more o r  l e s s  d i f f i c u l t  t o  c o n t r o l .  Thus,  t h e  e f f e c t s  o f  m a n i p u l a t o r  
c h a r a c t e r i s t i c s  may be  p r e d i c t a b l e  e n t i r e l y  f rom c o n s i d e r a t i o n  o f  
t h e  l i n e a r  a s p e c t s  o f  t h e  problem a l o n g  w i t h  t h e  o b s e r v a t i o n  n o i s e  
model o f  c o n t r o l l e r  remnant  as i t  p r e s e n t l y  e x i s t s .  On t h e  o t h e r  
hand ,  i t  may be  p o s s i b l e  t h a t  a motor  n o i s e  p r o c e s s  e x i s t s  which i s  
d e p e n d e n t  p a r t l y  upon t h e  i n t e r a c t i o n  be tween  t h e  n e u r o m u s c u l a r  s y s -  
tem and  t h e  c h a r a c t e r i s t i c s  o f  t h e  c o n t r o l  d e v i c e .  
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It would be wor thwhi le ,  t h e n ,  t o  r e a n a l y z e  t h o s e  c o n t r o l  s y s -  
tems i n  which t h e  e f f e c t s  o f  c o n t r o l  d e v i c e  c h a r a c t e r i s t i c s  have 
been demonst ra ted  i n  o r d e r  t o  de te rmine  whether  o r  n o t  t h e s e  e f f e c t s  
a r e  r e l a t e d  d i r e c t l y  t o  c o n t r o l l e r  remnant .  I f  such i s  t h e  c a s e ,  
a n  i n v e s t i g a t i o n  o f  t h e  i n t e r a c t i o n  between c o n t r o l l e r  remnant and 
manipu la to r  c h a r a c t e r i s t i c s  would be p r o f i t a b l e .  
Only v i s u a l  i n p u t s  t o  t h e  human c o n t r o l l e r  have been a l lowed  
i n  t h e  e x p e r i m e n t a l  s i t u a t i o n s  ana lyzed  i n  t h i s  r e p o r t ,  Real  f l i g h t  
s i t u a t i o n s ,  of  c o u r s e ,  u s u a l l y  p r o v i d e  k i n e s t h e t i c  a s  w e l l  a s  v i s u a l  
feedback t o  t h e  p i l o t ,  and l a b o r a t o r y  s t u d i e s  have shown t h a t  con- 
t r o l  o f  c e r t a i n  v e h i c l e s  i s  s i g n i f i c a n t l y  enhanced when motion cues  
a r e  p rov ided  ( R e f s .  33 ,34) .  I n  a d d i t i o n ,  s t u d i e s  a r e  b e i n g  con- 
duc ted  t o  de te rmine  t h e  e x t e n t  t o  which t h e  t a c t i l e  s e n s e  may be 
used t o  p r o v i d e  u s e f u l  c o n t r o l l e r  i n p u t s  i n  a  manual c o n t r o l  con- 
t e x t .  I t  would t h e r e f o r e  be a p p r o p r i a t e  t o  i n v e s t i g a t e  o b s e r v a t i o n  
n o i s e  p r o c e s s e s  a s s o c i a t e d  w i t h  n o n v i s u a l  p r e s e n t a t i o n  of  c o n t r o l l e d  
v a r i a b  l e s  . 
P r o c e s s e s  u n d e r l y i n g  c o n t r o l l e r  remnant.--The p r i n c i p a l  f o c u s  
of t h i s  c o n t r a c t  h a s  been t o  develop a  model f o r  c o n t r o l l e r  remnant 
which can be  used t o  p r e d i c t  system b e h a v i o r  i n  a wide v a r i e t y  o f  
c o n t r o l  s i t u a t i o n s ,  and w e  f e e l  we have been l a r g e l y  s u c c e s s f u l  i n  
t h i s  aim. None the less ,  a  thorough u n d e r s t a n d i n g  o f  c o n t r o l l e r  r e m -  
nant  w i l l  n o t  be p o s s i b l e  u n t i l  t h e  u n d e r l y i n g  n o i s e  p r o c e s s e s  a r e  
unders tood and q u a n t i f i e d .  
T h e o r e t i c a l  a n a l y s i s  o f  t h e  remnant model i n d i c a t e s  t h a t  t h e  
e f f e c t s  o f  t ime  v a r i a t i o n s  i n  t h e  c o n t r o l l e r ' s  t ime d e l a y  can  be  
d i f f e r e n t i a t e d  from t h e  e f f e c t s  o f  o t h e r  s o u r c e s  of  c o n t r o l l e r  
remnant by a  s e t  o f  c o n d i t i o n s  which v a r i e s  t h e  r a t i o  o f  e r r o r - r a t e  
v a r i a n c e  t o  e r r o r  v a r i a n c e .  S u r p r i s i n ~ l y ,  t h e  r a t i o  t h a t  we compute 
from o u r  own manual c o n t r o l  d a t a  i s  remarkably i n v a r i a n t ,  even w i t h  
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r e s p e c t  t o  changes i n  i n p u t  bandwidth. N e v e r t h e l e s s ,  we s u s p e c t  
t h a t  t h e  p r o p e r  combinat ion  of  v e h i c l e  dynamics and i n p u t  s p e c t r a  
w i l l  s e r v e  t o  vary t h i s  r a t i o  o v e r  a  r ange  s u f f i c i e n t  t o  a l l o w  one 
t o  de te rmine  t h e  r e l a t i v e  impor tance  o f  t ime-delay v a r i a t i o n s .  
S i n c e  t h e  remaining p o t e n t i a l  s o u r c e s  o f  remnant c o n s i d e r e d  
i n  t h i s  r e p o r t  ( t r u e  o b s e r v a t i o n  n o i s e ,  motor n o i s e ,  and g a i n  v a r i -  
a t i o n s )  e n t e r  i n t o  t h e  sys tem e q u a t i o n s  i n  t h e  same manner,  i t  
a p p e a r s  t h a t  they  c a n  be d i f f e r e n t i a t e d  on ly  by exper iments  o u t s i d e  
t h e  c o n t e x t  o f  manual c o n t r o l .  We have g i v e n  c o n s i d e r a b l e  though t  
t o  t h e  problem, b u t  we a r e  unab le  t o  recommend a  s p e c i f i c  e x p e r i -  
m e n t a l  program. There a r e  two s e v e r e  s t u m b l i n g  b l o c k s  t o  t h e  d e s i g n  
o f  a n  a p p r o p r i a t e  s e t  o f  e x p e r i m e n t s .  F i r s t ,  t h e r e  i s  no g u a r a n t e e  
t h a t  a  psychophys ica l  n o i s e  p r o c e s s  t h a t  i s  measured o u t s i d e  t h e  
manual c o n t r o l  c o n t e x t  w i l l  have t h e  same c h a r a c t e r i s t i c s  a s  when 
t h e  s u b j e c t  i s  engaged i n  a  c o n t i n u o u s ,  compensatory manual c o n t r o l  
t a s k .  Secondly ,  t h e  l i m i t a t i o n s  o f  o b t a i n i n g  d a t a  a t  d i s c r e t e  i n -  
t e r v a l s  t h a t  accompanies such exper iments  w i l l  i n  g e n e r a l  n o t  a l l o w  
a s u f f i c i e n t l y  s m a l l  i n t e r - s a m p l e  i n t e r v a l  t o  p e r m i t  t h e  computa- 
t i o n  o f  a  power spect rum a t  h igh  enough f r e q u e n c i e s  t o  b e  o f  i n t e r -  
e s t .  An e x p e r i m e n t a l  p r o c e d u r e  which can  r e s o l v e  t h e s e  c o n s i d e r a -  
t i o n s  s a t i s f a c t o r i l y  h a s  t h e  p o t e n t i a l  t o  advance s i g n i f i c a n t l y  o u r  
u n d e r s t a n d i n g  o f  human c o n t r o l l e r  remnant .  
A p p l i c a t i o n  o f  t h e  o b s e r v a t i o n  n o i s e  model.--In o r d e r  f o r  t h e  
o b s e r v a t i o n  n o i s e  model o f  c o n t r o l l e r  remnant t o  be  of p r a c t i c a l  
v a l u e ,  i t  must be i n c o r p o r a t e d  i n t o  a  l a r g e r  model of t h e  e n t i r e  
man-vehicle sys tem s o  t h a t  c o n t r o l l e r  b e h a v i o r  and t o t a l  sys tem 
performance may be p r e d i c t e d .  We have ,  under  o t h e r  N A S A  c o n t r a c t s ,  
been  deve lop ing  computer programs which i n c l u d e  t h e  i n t r i n s i c  human 
l i m i t a t i o n s  o f  t ime d e l a y  and remnant i n  an  o p t i m a l - t h e o r e t i c  frame- 
work; p r e l i m i n a r y  work h a s  been r e p o r t e d  i n  t h e  l i t e r a t u r e  (Ref .  3 5 ) .  
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I n  i t s  p r e s e n t  s t a t e  o f  development ,  t h e  model o f  t h e  c o n t r o l  
system c o n t a i n s  t h e  f o l l o w i n g  e l e m e n t s :  ( a )  a  d e s c r i p t i o n  o f  t h e  
v e h i c l e  dynamics,  i n c l u d i n g  a  l i s t  o f  t h e  v a r i a b l e s  t o  be d i s p l a y e d  
t o  t h e  c o n t r o l l e r ,  ( b )  a p e r c e p t u a l  p r o c e s s o r  t o  a l low f o r  t h e  i n -  
j e c t i o n  o f  o b s e r v a t i o n  n o i s e ,  ( c )  a n  optimum c o n t r o l  law, ( d )  a 
p r e d i c t o r ,  and ( e )  a  Kalman e s t i m a t o r ,  The p r e d i c t o r  e lement  a t -  
tempts t o  compensate f o r  t h e  p i l o t ' s  time d e l a y .  S i n c e  we have  chosen 
t o  r e f l e c t  c o n t r o l l e r  remnant t o  n o i s e  s o u r c e s  i n j e c t e d  a t  t h e  con- 
t r o l l e r ' s  i n p u t  ( i  . e . ,  a s  a n  o b s e r v a t i o n  n o i s e  v e c t o r ) ,  we have i n -  
c o r p o r a t e d  a n  e s t i m a t o r  t o  r educe  t h e  e f f e c t s  o f  t h i s  n o i s e  on s y s -  
tem performance .  I n  o r d e r  t o  be a b l e  t o  t r e a t  c o n t r o l  s i t u a t i o n s  
w i t h  s e p a r a t e d  d i s p l a y s ,  t h e  model a l s o  i n c l u d e s  a  p rocedure  f o r  
choosing a nea r -op t ima l  v i s u a l  s c a n n i n g  p a t t e r n  by c o n s i d e r i n g  t h e  
r e l a t i v e  e f f e c t s  o f  t h e  f o v e a l  and p e r i p h e r a l  o b s e r v a t i o n  n o i s e  
8 
t e rms ,  A p r e l i m i n a r y  t e s t  o f  t h e  model ( a s  y e t  t o  be  r e p o r t e d )  
has  y i e l d e d  very  a c c u r a t e  p r e d i c t i o n s  o f  b o t h  t h e  c o n t r o l l e r ' s  
d e s c r i b i n g  f u n c t i o n  and t h e  e q u i v a l e n t  s c a l a r  i n j e c t e d  n o i s e  s p e c -  
trum. 
For  c o n t r o l  s i t u a t i o n s  i n  which a l l  v a r i a b l e s  a r e  d i s p l a y e d  
f o v e a l l y  , t h e  p r o c e d u r e  f o r  i n c o r p o r a t i n g  t h e  o b s e r v a t i o n  n o i s e  
model i n t o  t h e  o p t i m a l  framework i s  s t r a i g h t f o r w a r d  and q u i t e  s i m p l e .  
Each v a r i a b l e  t h a t  i s  t o  be  e s t i m a t e d  by t h e  c o n t r o l l e r  h a s  added 
t o  i t  a  w h i t e  o b s e r v a t i o n  n o i s e  spect rum whose power d e n s i t y  l e v e l  
2 i s  0 . 0 1  ox u n i t s  o f  power p e r  r a d / s e c ,  where x i s  t h e  v a r i a b l e  t o  
2 be e s t i m a t e d  and "power" i s  i n  u n i t s  of  x . ( T h i s  p rocedure  i s  
based on a n  e x t r a p o l a t i o n  of  t h e  f o v e a l  t r a c k i n g  r e s u l t s  p r e s e n t e d  
i n  Chapter  V.  If a d d i t i o n a l  e x p e r i m e n t a t i o n  r e v e a l s  t h a t  b o t h  t ime-  
de lay  v a r i a t i o n s  and o t h e r  remnant s o u r c e s  a r e  i m p o r t a n t ,  t h e  a d d i -  
t i v e  n o i s e  w i l l  c o n s i s t  o f  two w h i t e  n o i s e  te rms - one which s c a l e s  
2 
with  0: and t h e  o t h e r  which s c a l e s  w i t h  o; . )  
Wn lhe  o p t i m a l  model i s  c u r r e n t l y  u n d e r ~ o i n g  e x h a u s t i v e  t e s t i n e  u n d e r  
N A S A  C o n t r a c t  No. NAS1-2104. 
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C o n s i d e r a t i o n  o f  s y s t e m s  w i t h  s e p a r a t e d  d i s p l a y s  c o m p l i c a t e s  
t h e  i m p l e m e n t a t i o n  o f  t h e  model somewhat b e c a u s e  o f  t h e  dependency 
o f  t h e  p e r i p h e r a l  o b s e r v a t i o n  n o i s e  p r o c e s s  on t h e  c h a r a c t e r i s t i c s  
o f  t h e  s i g n a l .  A t  l e a s t  two w h i t e  n o i s e  t e r m s  w i l l  h ave  t o  b e  a s s o -  
c i a t e d  w i t h  each  o b s e r v e d  v a r i a b 1 e : a  p r o c e s s  which s c a l e s  w i t h  
and a n  a d d i t i o n a l  t e r m  t o  a c c o u n t  f o r  p e r i p h e r a l  v i e w i n g  Ox 
e f f e c t s  which i s  presumed t o  depend upon t h e  s p e c t r u m  o f  x i n  a 
complex manner.  
Our o p t i m a l  p i l o t  model c a n ,  a t  p r e s e n t ,  h a n d l e  o n l y  a d d i -  
t i v e  n o i s e  p r o c e s s e s  o f  a  f i x e d  l e v e l .  ( I n  o r d e r  t o  s i m u l a t e  
t h e  e f f e c t s  o f  a  m u l t i p l i c a t i v e  n o i s e  p r o c e s s ,  t h e  o p t i m a l  model 
h a s  b e e n  o p e r a t e d  i n  a n  i t e r a t i v e  f a s h i o n  s o  t h a t  t h e  i n j e c t e d  
2 
n o i s e  i s  u l t i m a t e l y  s c a l e d  c o r r e c t l y  w i t h  o x . )  C l e a r l y ,  a need  
e x i s t s  f o r  a t e c h n i q u e  which c a n  d i r e c t l y  implement  t h e  p r o p e r  
s c a l i n g  of t h e  i n j e c t e d  n o i s e .  I d e a l l y ,  a  model w i l l  b e  d e v e l o p e d  
t o  h a n d l e  a l a r g e  c l a s s  o f  f u n c t i o n a l  r e l a t i o n s h i p s  be tween  t h e  
i n j e c t e d  n o i s e  l e v e l  and  t h e  c h a r a c t e r i s t i c s  o f  t h e  s p e c t r u m  o f  
t h e  d i s p l a y e d  s i g n a l .  Because  o f  o u r  c u r r e n t  l a c k  o f  u n d e r s t a n d -  
i n g  o f  t h e  p e r i p h e r a l  n o i s e  p r o c e s s ,  we c a n n o t  a t  t h i s  t i m e  s p e c i f y  
what t h e s e  r e l a t i o n s h i p s  migh t  b e ,  
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APPENDIX A 
SOME THEORETICAL ASPECTS OF REMNANT 
I n t r o d u c t i o n  
I n  t h i s  appendix  we i n v e s t i g a t e  t h e  m u l t i p l i c a t i v e  n o i s e  model 
f o r  human c o n t r o l l e r  remnant i n  a  s i m p l e  manual c o n t r o l  t a s k .  Our 
main o b j e c t i v e  i s  t o  show f o r  t h i s  c a s e  t h a t  t h e  assumpt ion  of  l i n e a r  
independence between t h e  i n p u t  and o b s e r v a t i o n  n o i s e  p r o c e s s e s  - made 
i n  Chapter  I V  f o r  measurement purposes  - i n t r o d u c e s  a  r e l a t i v e l y  small 
e r r o r  i n  t h e  computa t ion  o f  o b s e r v a t i o n  n o i s e  s p e c t r a .  
The compensatory t r a c k i n g  t a s k  which i s  c o n s i d e r e d  i s  shown i n  
F i g u r e  A - 1 .  x ( t )  r e p r e s e n t s  t h e  d i s p l a y e d  sys tem e r r o r  between p l a n t  
o u t p u t  y ( t )  and i n p u t  d r i v i n g  n o i s e  z ( t ) ,  The human o p e r a t o r  i s  r e p -  
r e s e n t e d  by a  l i n e a r  p o r t i o n  2 p l u s  a n  a d d i t i v e  e q u i v a l e n t  obse rva -  
t i o n  n o i s e .  The d i f f e r e n t i a l  e q u a t i o n  govern ing  t h e  b e h a v i o r  o f  t h e  
c losed- loop  sys tem i s  t h e r e f o r e  
where 5 ( t )  E i ( t ) .  
We assume t h a t  ( - )  i s  r e p r e s e n t e d  merely by a  p u r e  g a i n  kh i n  
* 
o r d e r  t o  s i m p l i f y  t h e  a n a l y s i s .  Equa t ion  (1) t h e n  s i m p l i f i e s  t o  
where a  = kv kh.  
Although we conduct  t h e  a n a l y s i s  f o r  a  s i m p l i f i e d  c a s e ,  i t  i s  pos- 
s i b l e  t o  use  m a t r i x  c a l c u l u s  t o  examine m u l t i - o u t p u t  sys tems  and/or  
more complex r e p r e s e n t a t i o n s  o f  t h e  human o p e r a t o r .  However, i t  i s  
n o t  f e l t  t h a t  a more i n v o l v e d  a n a l y s i s  i s  j u s t i f i e d  o r  w i l l  add m a -  
t e r i a l l y  t o  our  s t u d y  of  remnant a t  t h e  p r e s e n t  t i m e .  
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The n o i s e  p r o c e s s  c ( t )  i s  s t a t i o n a r y  w i t h  an  a u t o c o r r e l a t i o n  
f u n c t i o n  
and s p e c t r a l  d e n s i t y  
I t  i s  p o s s i b l e  t o  i n v e s t i g a t e  o t h e r  forms f o r  @ ( w )  by d i f f e r e n -  F F  
t i a t i n g  w i t h  r e s p e c t  t o  a o r  by t a k i n g  t h e  sum o f  a  s e t  o f  @ c o r -  
r e spond ing  t o  d i f f e r e n t  v a l u e s  o f  a .  
55 
P r e l i m i n a r y  C o n s i d e r a t i o n s  
The s t r u c t u r a l  form of  t h e  remnant p r o c e s s  r ( t )  i s  c o n s i d e r e d  
t o  be  m u l t i p l i c a t i v e  i n  n a t u r e ,  v i z ,  
where n ( t )  i s  a  s t a t i o n a r y  g a u s s i a n  whi te -no i se  p r o c e s s .  T h e r e f o r e ,  
E q .  ( 2 )  becomes 
w i t h  
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Thus, t h e  a n a l y s i s  o f  Eq. ( 6 )  i s  e q u i v a l e n t  t o  t h e  s t u d y  o f  a  L i n e a r  
sys tem w i t h  a  random c o e f f i c i e n t  ( i . e . ,  a random l i n e a r  s y s t e m ) .  
Etquat ions of  t h i s  t y p e  have been examined i n  t h e  l i t e r a t u r e  ( s e e  
Refs .  36 - 38,) p r i m a r i l y  w i t h  r e g a r d  t o  t h e i r  s t a b i l i t y  proper-  
t i e s  on ly .  
Our o b j e c t i v e  i s  t o  s t u d y  t h e  s t e a d y - s t a t e  ( t +  a )  b e h a v i o r  of 
Eq. ( 6 ) .  We t h u s  assume t h a t  t h e  x ( t )  p r o c e s s  began a t  to = -m 
w i t h  x ( - a )  = 0.  The " s o l u t i o n "  x ( t )  may t h e n  b e  w r i t t e n  f o r m a l l y  
as 
where 
Thus, $ ( t , ~ )  i s  a  f u n c t i o n  o f  t h e  random v a r i a b l e  n ( e ) .  S ince  n ( t )  
i s  w h i t e  w e  have i n  a d d i t i o n :  
1, w ( t )  = a n ( u ) d a  i s  a Wiener p r o c e s s  o f  z e r o  mean and i 
6 2 2  
v a r i a n c e  a a n t .  
7 d  2 .  S i n c e  w ( t )  h a s  independen t  i n c r e m e n t s ,  n ( a ) d a  and n ( o ) d a  
a r e  independen t  f o r  a < b < c < d ,  - Thus, a J C 
3. ~ { e ~ }  = ~ { e ' ~ " }  I v=- j where E { ~ ~ ~ ~ I  i s  t h e  c h a r a c t e r i s t i c  
f u n c t i o n  o f  w ( t ) .  Hence, 




a  = a-a / 2  
S t a t i s t i c a l  P r o p e r t i e s  o f  x ( t )  
I n  t h i s  s e c t i o n  we d e r i v e  e x p r e s s i o n s  f o r  t h e  v a r i a n c e ,  a u t o -  
c o v a r i a n c e  f u n c t i o n  and power d e n s i t y  spec t rum o f  x ( t ) .  
V a r i a n c e  o f  x ( t )  .--1Jsing E q .  (8) we o b t a i n  
Making u s e  of Eqs.  ( 1 0 )  and (11) i t  i s  p o s s i b l e  t o  show t h a t  t h i s  
e x p r e s s i o n  e v a l u a t e s  t o  
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Note t h a t  we r e q u i r e  
Th i s  i s  a  s u f f i c i e n t  (and n e c e s s a r y )  c o n d i t i o n  f o r  x ( t )  t o  r emain  
f i n i t e  f o r  bounded n o i s e  i n p u t  ((t). 
Autocovariance f u n c t i o n  o f  x( t ) . - -The a u t o c o v a r i a n c e  f u n c t i o n  
of  x ( t )  i s  d e f i n e d  by R ( s , t )  = E { x ( s ) x ( t ) ) .  Thus from E q .  ( 8 ) ,  
Taking e x p e c t a t i o n s  y i e l d s ,  s i n c e  s >  t and s i n c e  i n  t h e  second i n -  
t e g r a l  T >a (hence  s > T  >t > a )  , 
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S u b s t i t u t i n g  f o r  E{@( -, .) 1 and i n t e g r a t i n g  we o b t a i n  
Thus R ( s , t )  = R ( s - t )  ( i . e . ,  t h e  e r r o r  p r o c e s s  i s  s t a t i o n a r y )  and 
we c a n  w r i t e  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  of  x ( t )  as 
S p e c t r a l  d e n s i t y  o f  x( t ) . - -The power d e n s i t y  spec t rum OxX(u) 
o f  x ( t )  i s  computed by t a k i n g  t h e  F o u r i e r  t r a n s f o r m  o f  @,,(r). 
Thus, 
S u b s t i t u t i n g  E q .  (13)  f o r  02 and n o t i n g  E q .  ( 4 )  f o r  ~ ~ ~ ( u )  t h i s  
e x p r e s s i o n  may b e  w r i t t e n  'most  c o n v e n i e n t l y  a s  
which c l e a r l y  shows how t h e  spec t rum of x ( t )  c o n s i s t s  o f  i n p u t  and 
r e m n a n t - r e l a t e d  p o r t i o n s .  
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Computation o f  Observa t ion  Noise Spectrum 
I n  o r d e r  t o  o b t a i n  t h e  c o v a r i a n c e  o f  r ( t )  i t  w i l l  be  n e c e s s a r y  
t o  f i r s t  f i n d  a E { S ( s ) r ( t )  + r ( s ) S ( t ) I  = & ( s , t ) .  T h i s  q u a n t i t y  c a n  
be o b t a i n e d  by m u l t i p l y i n g  Eq.  ( 6 )  by S ( s )  and t a k i n g  e x p e c t a t i o n s .  
Thus, 
But 
T h e r e f o r e ,  d i f f e r e n t i a t i n g  E q .  ( 1 8 )  w i t h  r e s p e c t  t o  t y i e l d s  
Hence, 
S i m i l a r l y  ( f o r  s > t )  we can  show 
Thus 
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aa 1 1 .-a(s-t) + - . -  
I [ e  
-a(s-t )-e-a(s-t)] 
= . -  
- - 
* a+a a-a 
Thus , 
Furthermore, we can obtain the cross-correlation function 
5r ( r )  + a$rc(~) = aE{C(t)r(t+~) + r(t)~(t+r)} 
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and i n  a d d i t i o n  t h e  a s s o c i a t e d  power d e n s i t y  spect rum 
We now compute t h e  power d e n s i t y  spec t rum of  t h e  i n j e c t e d  ob- 
s e r v a t i o n  n o i s e  p r o c e s s .  S i n c e  
we o b t a i n  
S u b s t i t u t i n g  Eqs. (121 ,  ( 1 7 )  and ( 2 3 )  i n t o  t h e  above we f i n d  
Equa t ion  ( 2 6 )  i s  v a l i d  f o r  any n o i s e  spec t rum @ ( w )  which c a n  be 55 
o b t a i n e d  from t h e  spec t rum of  Eq. ( 4 )  u s i n g  l i n e a r  o p e r a t i o n s .  I n  
p a r t i c u l a r ,  n o t e  t h a t  r ( t )  c o n t a i n s  a component which i s  d i r e c t l y  
r e l a t e d  t o  t h e  i n p u t  n o i s e  S ( t ) .  T h i s  i s  a consequence o f  r ( t )  
b e i n g  r e l a t e d  t o  x ( t )  which i n  t u r n  i s  dependent  on [ ( t ) .  Note,  
2 however,  if ao, <<1 t h e n  
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A n a l y s i s  o f  Exper imenta l  Technique 
I n  t h e  e x p e r i m e n t a l  s t u d y  o f  remnant t h e  i n p u t  d r i v i n g  func- 
t i o n  z ( t )  ( and  hence  5 ( t )  = i ( t )  ) was composed o f  M independen t  
s i n u s  o i d s  . Thus, 
J ui -c -j 
S i n c e  2 cos  w i r  = e + e , t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
@ ( T )  can  be c o n s t r u c t e d  by l i n e a r  o p e r a t i o n s  on t h e  e x p r e s s i o n  55 
i n  Eq. ( 3 ) .  T h e r e f o r e  t h e  r e s u l t s  d e r i v e d  above f o r  @ x x ( o ) 9  @,,(w) 
e t c .  remain v a l i d  f o r  t h e  s i n u s o i d a l  c a s e .  
The e x p e r i m e n t a l  t e c h n i q u e  used t o  de te rmine  t h e  o b s e r v a t i o n  
n o i s e  spect rum 4,,(w) i s  d e s c r i b e d  i n  Chapter  I V .  The method was 
t o  o b t a i n  t h e  i n p u t -  and remnan t -cor re la ted  p o r t i o n s  o f  t h e  c o n t r o l  
s i g n a l  ( g i v e n b y  @ ( W )  and @ ( w )  r e s p e c t i v e l y )  and t h e n  show 
u"z UUr 
It was assumed t h a t  z ( t )  and r ( t )  . a r e  u n c o r r e l a t e d  i n  d e r i v i n g  
Eq.  ( 3 0 ) .  Below, we compute OUU(w) and o b t a i n  @ i r ( u )  by Eq, ( 3 0 ) .  
The r e s u l t  i s  compared w i t h  t h e  a c t u a l  o b s e r v a t i o n  n o i s e  spec t rum,  
Eq. ( 2 6 ) .  
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From t h e  e q u a t i o n  k v u ( t )  = ; ( t )  - 5 ( t )  we o b t a i n  
Using Eqs. ( 1 9 ) - ( 2 3 )  i t  i s  t h e n  p o s s i b l e  t o  d e r i v e  
2  2  2  
55 ( w )  and o = ona , Eq. ( 3 2 )  becomes S i n c e  8 ( o )  = o  Q Z z  
The spect rum o b t a i n e d  from Eq .  ( 3 0 )  i s  t h e r e f o r e  
which i s  c o n s t a n t  independent  o f  f r equency  ( i , e , ,  w h i t e  n o i s e ) ,  
The l a r g e s t  f r a c t i o n a l  d i f f e r e n c e  between t h e  a c t u a l  and measured 
normal ized  o b s e r v a t i o n  n o i s e  s p e c t r a  i s  t h u s  
Report  No. 1731 B o l t  Beranek and Newman I n c  
We can  e s t i m a t e  t h e  magnitude o f  t h i s  s a t i o  from t h e  d a t a  t h a t  
h a s  been  a n a l y z e d  under  t h i s  c o n t r a c t .  For  f o v e a l  t r a c k i n g ,  t y p i c a l  
e x p e r i m e n t a l  v a l u e s  o f  t h e  v a r i a b l e  "a"  (which i s  e q u i v a l e n t  t o  t h e  
g a i n - c r o s s o v e r  f r e q u e n c y )  were on t h e  o r d e r  o f  5 r a d / s e c ,  and w h i t e  
normal ized  o b s e r v a t i o n  n o i s e  s p e c t r a  on t h e  o r d e r  o f  0 .01  u n i t s  o f  
normal ized  power p e r  r a d / s e c  ( p o s i t i v e  f r e q u e n c i e s  o n l y )  were found 
when t h e  v a r i a b l e  t o  be  e s t i m a t e d  was e i t h e r  d i s p l a y  p o s i t i o n  o r  
d i s p l a y  r a t e .  The c o r r e s p o n d i n g  n o i s e  c o v a r i a n c e  i s  t h u s  o: = ( . O l ) n .  
S u b s t i t u t i o n  o f  t h e s e  numer ica l  v a l u e s  i n t o  e q u a t i o n  ( 3 5 )  y i e l d s  
Thus,  t h e  o b s e r v a t i o n  n o i s e  s p e c t r a  computed f o r  f o v e a l  t r a c k i n g  
a r e  on t h e  o r d e r  o f  0.7 dB above t h e  a c t u a l  n o i s e  l e v e l s .  
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APPENDIX B 
DETAILED ANALYSIS OF CLOSED-LOOP REMNANT SPECTRA 
I n  t h i s  appendix  we r e a n a l y z e  a s e t  c losed- loop  remnant s p e c t r a  
t h a t  h a s  been p u b l i s h e d  i n  a n  e a r l i e r  r e p o r t  (Ref.29 ) .  Three  con- 
t r o l  s t i c k  s p e c t r a  a r e  shown i n  F i g u r e  B-1, c o r r e s p o n d i n g  t o  1 - a x i s  
f o v e a l ,  1 -ax i s  p e r i p h e r a l ,  and 2-axis  t r a c k i n g  c o n d i t i o n s .  Each 
spect rum i s  composed o f  two p a r t s :  a l i n e  spec t rum,  which r e p r e -  
s e n t s  t h e  i n p u t - c o r r e l a t e d  p o r t i o n  o f  t h e  s u b j e c t ' s  r e s p o n s e ,  and 
a  s t epwise -con t inuous  approx imat ion  t o  t h e  remnant p o r t i o n  o f  t h e  
r e s p o n s e .  Each spec t rum r e p r e s e n t s  t h e  r e s u l t s  o f  a s i n g l e  e x p e r i -  
men ta l  t r i a l  of a s i n g l e  s u b j e c t .  S i n c e  t h i s  s u b j e c t ' s  c o n t r o l  be- 
h a v i o r  was found t o  be  r e p r e s e n t a t i v e  i n  o t h e r  r e s p e c t s  t o  t h a t  of  
a l l  t h e  s u b j e c t s  who p a r t i c i p a t e d  i n  o u r  e x p e r i m e n t a l  programs,  w e  
f e e l  t h a t  t h e  s p e c t r a  shown h e r e  a r e  t h e r e f o r e  a l s o  t y p i c a l  o f  
p i l o t  b e h a v i o r .  These r e s u l t s  were o b t a i n e d  u s i n g  t h e  command-input 
c o n f i g u r a t i o n  of F i g u r e  6a.  Veh ic le  dynamics were K / s ,  t h e  i n p u t  
bandwidth was 2 r a d / s e c ,  and t h e  d i s p l a y s  were s e p a r a t e d  by 30' 
v i s u a l  a r c ,  
We p r e s e n t  t h e s e  s p e c t r a  h e r e  because  t h e  remnant p o r t i o n s  
have been a n a l y z e d  i n  g r e a t  d e t a i l .  We a t t e m p t e d  t o  a n a l y z e  t h e  
s p e c t r a  i n  such a way a s  t o  r e v e a l  whether  o r  n o t  c o n t r o l l e r  rem- 
n a n t  was caused  by low-bandwidth t i m e  v a r i a t i o n s  o f  t h e  c o n t r o l l e r ' s  
d e s c r i b i n g  f u n c t i o n ,  as s u g g e s t e d  by McRuer, e t  a 1  (Ref .  4 ) .  We 
d i v i d e d  t h e  f requency domain i n t o  s u c c e s s i v e  bandwidths o f  1 / 4  o c t a v e ,  
h a l f  of  which were c e n t e r e d  abou t  t h e  i n p u t  f r e q u e n c i e s ,  t h e  r emainder  
of which f e l l  midway between i n p u t  f r e q u e n c i e s .  ( I n p u t  f r e q u e n c i e s  
above 0 . 5  r a d / s e c  were spaced  a  h a l f  o c t a v e  a p a r t . )  F a s t - F o u r i e r  
t r a n s f o r m  t e c h n i q u e s  a l lowed  us t o  compute samples  o f  t h e  s t i c k  
spec t rum each of which r e p r e s e n t e d  a  bandwidth o f  abou t  0 .035  r a d / s e c .  
A l l  samples w i t h i n  a  g i v e n  q u a r t e r - o c t a v e  band were a v e r a g e d ,  and 
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I -  A X I S  PERIPH 
0 d8  = 27.6 x 105 dyne2/rad /sec 
FREQUENCY ( rad /sec)  
F 1 G . B - 1  COMPARISON OF 1 - A X I S  FOVEAL, 1 - A X I S  PERPHERAL, 
AND 2 - A X I S  CONTROL S T I C K  POWER SPECTRA 
V e h i c l e  D y n a m i c s  = K / s  
I n p u t  B a n d w i d t h  = 2 R a d / S e c  
D i s p l a y  S e p a r a t i o n  = 30  D e g r e e s  
S u b j e c t :  PM 
( F r o m  F i g  . 9  o f  R e f .  2 9 )  
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t h e  power d e n s i t y  l e v e l  w i t h i n  t h e  band was p l o t t e d  a s  a  c o n s t a n t  
e q u a l  t o  t h i s  a v e r a g e ;  hence ,  t h e  s t epwise -con t inuous  remnant c u r v e s  
o f  F i g u r e  B-1.  
Let  us c o n s i d e r  t h e  r e s u l t s  we would e x p e c t  i f  t h e  t ime v a r i a -  
t i o n s  were caused by a  low-bandwidth n o i s e  p r o c e s s .  I f  we look a t  
t h e  e q u i v a l e n t  i n j e c t e d  o b s e r v a t i o n  n o i s e  (which i s  simply a  l i n e a r  
t r a n s f o r m a t i o n  o f  t h e  c losed- loop  c o n t r o l l e r  r e m n a n t ) ,  w e  s e e  t h a t  
r ( t )  = N ( t )  * x ( t - r o )  
-x - - 
h 
where N ( t )  i s  i n t e r p r e t e d  h e r e  a s  a  g a i n - v a r i a t i o n a l  n o i s e  t e r m ,  
and - ~ ( t - ~ ~ )  i s  t h e  ( v e c t o r )  d i s p l a y e d  s i g n a l .  I f  t h e  components 
of - N and - x a r e  l i n e a r l y  independent  and Gauss ian ,  t h e  spec t rum o f  
each component o f  t h e  i n j e c t e d  n o i s e  v e c t o r  i s  e q u a l  t o  t h e  convolu-  
t i o n  of  t h e  s p e c t r a  o f  t h e  cor respond ing  components of  t h e  n o i s e  
m a t r i x  and s t a t e  v e c t o r .  Thus, 
I n  c o n t r o l  s i t u a t i o n s  f o r  which t h e  r e m n a n t - r e l a t e d  p o r t i o n  o f  
xi comprises a  small f r a c t i o n  o f  t h e  t o t a l  s i g n a l  power, t h e  spec-  
trum (B w i l l  b e  p r i m a r i l y  a  l i n e  spect rum w i t h  components a t  i n -  
XXi 
p u t  f r e q u e n c i e s ,  p l u s  a low- leve l  smooth f u n c t i o n  t o  account  f o r  
remnant .  If t h e  spect rum i s  narrowband, r e l a t i v e  t o  t h e  s p a c i n g  
between i n p u t  f r e q u e n c i e s ,  t h e n  t h e  spect rum @ shou ld  show peaks  
rri 
i n  t h e  immediate v i c i n i t y  of  i n p u t  f r e q u e n c i e s  and v a l l e y s  midway 
i n  between. S i n c e  t h e  c o n t r o l l e r ' s  d e s c r i b i n g  f u n c t i o n  i s  presumed 
t o  be  a  smooth f u n c t i o n  o f  f requency ( i t  c a n  be measured o n l y  a t  
i n p u t  f r e q u e n c i e s ,  of  c o u r s e ) ,  t r a n s f o r m a t i o n  of  t h e  o b s e r v a t i o n  
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n o i s e  spect rum t o  t h e  c losed- loop  remnant spect rum QUu s h o u l d  
p r e s e r v e  t h i s  s p e c t r a l  c h a r a c t e r i s t i c ,  r 
F i g u r e  B - l  f a i l s  t o  show any a p p r e c i a b l e  peak ing  e f f e c t  cor-  
r e l a t e d  w i t h  t h e  l o c a t i o n s  o f  t h e  i n p u t  f r e q u e n c i e s .  From t h i s  
r e s u l t  we must conc lude ,  t h e r e f o r e ,  t h a t  remnant i s  n o t  caused by 
any t y p e  of narrowband m u l t i p l i c a t i v e  n o i s e  p r o c e s s  - t i m e  v a r i a -  
t i o n s  i n c l u d e d .  The d a t a  do n o t  r u l e  o u t  t h e  p o s s i b i l i t y  o f  a 
wideband n o i s e  p r o c e s s ,  however, and i n  t h e  main body o f  t h i s  r e -  
p o r t  we conclude  t h a t  remnant can  be  a t t r i b u t e d  t o  one o r  more 
w h i t e  m u l t i p l i c a t i v e  n o i s e  p r o c e s s e s ,  
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AFPENDIX C .  EXPERIMENTAL A N D  ANALYTICAL TECHNIQUES 
T h i s  a p p e n d i x  c o n t a i n s  a  p a r t i a l  d e s c r i p t i o n  o f  t h e  e x p e r i -  
m e n t a l  t e c h n i q u e s  and  a n a l y t i c a l  p r o c e d u r e s  employed i n  a r e c e n t  
e x p e r i m e n t a l  p rogram c o n d u c t e d  u n d e r  C o n t r a c t  No. NAS2-3080. The 
m a t e r i a l  c o n t a i n e d  i n  t h i s  append ix  p e r t a i n s  t o  t h e  v e h i c l e - d i s -  
t u r b a n c e  c o n f i g u r a t i o n  o f  F i g u r e  6b which p r o v i d e d  some o f  t h e  
e x p e r i m e n t a l  d a t a  a n a l y z e d  i n  t h e  main body o f  t h i s  r e p o r t .  (The 
e a r l i e r  command-input e x p e r i m e n t s  are d e s c r i b e d  i n  R e f .  29. The 
e x p e r i m e n t a l  and  a n a l y t i c a l  p r o c e d u r e s  u s e d  d u r i n g  t h e  e a r l i e r  ex-  
p e r i m e n t a l  p rogram were  e s s e n t i a l l y  t h e  same as t h o s e  d e s c r i b e d  i n  
t h i s  a p p e n d i x .  ) 
P r i n c i p a l  E x p e r i m e n t a l  Hardware 
F i g u r e  C - 1  p r o v i d e s  a  d i ag ram o f  t h e  p h y s i c a l  l a y o u t  of  o u r  
e x p e r i m e n t a l  a p p a r a t u s  and  i n d i c a t e s  t h e  p a t h s  o f  i n f o r m a t i o n  f l o w .  
F o r c i n g  f u n c t i o n s  w e r e  p e n e r a t e d  by a d i g i t a l  compu te r ,  c o n v e r t e d  
t o  a n a l o g  waveforms ,  and  f e d  t o  a n  a n a l o g  comput ing  s y s t e m .  A s e p a -  
r a t e  c o n t r o l  s i g n a l  was g e n e r a t e d  s i m u l t a n e o u s l y  by t h e  d i g i t a l  s y s -  
tem t o  c o n t r o l  t h e  a n a l o g  o p e r a t i o n s .  The f o r c i n g  f u n c t i o n s  a n d  
human c o n t r o l l e r  o u t p u t s  were p r o c e s s e d  by t h e  a n a l o g  s y s t e m  t o  
p roduce  t h e  a p p r o p r i a t e  v e h i c l e  o u t p u t s .  These o u t p u t s  were  u s e d  
t o  d r i v e  t h e  d i s p l a y s ,  which ,  a l o n g  w i t h  t h e  human c o n t r o l l e r  a n d  
t h e  m a n i p u l a t o r ,  were housed  i n  an  i s o l a t e d  s u b j e c t  b o o t h .  A l l  
p e r t i n e n t  a n a l o g  v a r i a b l e s  were  c o n v e r t e d  t o  d i g i t a l  fo rma t  f o r  
l a t e r  o f f - l i n e  a n a l y s i s  of  t h e  d a t a .  A l l  d a t a  a n a l y s i s  was p e r -  
formed on t h e  d i g i t i z e d  samples  o f  t h e  t r a c k i n g  d a t a .  
.--An A p p l i e d  Dynamics  AD/^ Analoc Computer 
was u s e d  t o  s i m u l a t e  v e h i c l e  dynamics ,  d r i v e  t h e  d i s p l a y s ,  a n d  com- 
p u t e  mean-squared sys t em e r r o r s ,  An SDS-940 t i m e - s h a r e d  d i g i t a l  
f a c i l i t y  was u s e d  t o  p e n e r a t e  f o r e i n p  f u n c t i o n s ,  c o n v e r t  a n a l o g  d a t a  
t o  d i g i t a l  fo rma t  f o r  s t o r a g e  on m a g n e t i c  t a p e ,  and a i d  i n  d a t a  
a n a l y s i s .  
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S u b j e c t  booth.--The d i s p l a y s  and c o n t r o l s  were l o c a t e d  i n  a 
s u b j e c t  booth  t h a t  was i s o l a t e d  b o t h  a c o u s t i c a l l y  and v i s u a l l y .  
A c h i n  r e s t  was p rov ided  t o  c o n t r o l  t h e  s u b j e c t ' s  p o i n t  o f  r e g a r d  
and t o  minimize r o t a t i o n a l  head mot ions .  
Displays.--The s u b j e c t  was p r o v i d e d  w i t h  f o u r  o s c i l l o s c o p i c  
d i s p l a y s  a r r a n g e d  on a  p l a n e  s u r f a c e  l o c a t e d  72 cm i n  f r o n t  o f  t h e  
s u b j e c t ' s  p o i n t  of  r e g a r d .  Each scope  f a c e  was masked w i t h  b l a c k  
p a p e r  t o  produce a  r e c t a n g u l a r  background o f  5 by 10 cm. The ' s c o p e  
phosphor was t y p e  P-11, which gave a  b l u i s h  c a s t  t o  t h e  r e f e r e n c e  
and e r r o r  i n d i c a t o r s .  An o v e r l a i d  r e t i c l e  p rov ided  a  r e c t a n g u l a r  
a r r a y  o f  g r i d  l i n e s  s e p a r a t e d  by about  1/2 cm. I n t e n s i t y  l e v e l s  
f o r  t h e  d i s p l a y  and background were a d j u s t e d  t o  be t h e  same f o r  a l l  
' s c o p e s  and were k e p t  t h e  same th roughou t  t h e  e x p e r i m e n t a l  program. 
A c o n s t a n t  low l e v e l  of room l i g h t i n g  was main ta ined .  A t y p i c a l  
d i s p l a y  p r e s e n t a t i o n  (minus t h e  g r i d  l i n e s )  i s  shown i n  F i g u r e  C-2; 
t h e  dimensions shown i n d i c a t e  d e g r e e s  o f  v i s u a l  a r c  w i t h  r e f e r e n c e  
t o  t h e  s u b j e c t ' s  p o i n t  o f  r e g a r d .  
The f o u r  d i s p l a y s  were l o c a t e d  a t  t h e  c o r n e r s  o f  a n  imaginary  
s q u a r e ,  a s  shown i n  t h e  s c a l e d  drawing of  F igure  C-3 .  The c e n t e r s  
of  t h e  d i s p l a y s  were s e p a r a t e d  by about  16 d e g r e e s  o f  v i s u a l  a r c  
a l o n g  t h e  s i d e s  of  t h e  s q u a r e  and abou t  22 degrees  a l o n g  t h e  d iag-  
o n a l .  The d i s p l a y s  were a r r a n g e d  s o  t h a t  t h e  e r r o r  i n d i c a t o r s  o f  
t h e  upper l e f t  (UL) and lower  r i g h t  (LR) d i s p l a y s  moved h o r i z o n t a l l y ,  
whereas t h e  i n d i c a t o r s  on t h e  upper  r i g h t  ( U R )  and lower l e f t  (LL) 
d i s p l a y s  moved v e r t i c a l l y .  Th i s  p a r t i c u l a r  arrangement  was chosen 
because  i t  p r o v i d e d  s i m i l a r  v i s u a l  i n t e r a c t i o n s  among d i s p l a y s .  No 
m a t t e r  which d i s p l a y  was f i x a t e d ,  t h e r e  was a  d i s p l a y  l o c a t e d  16O 
a l o n g  t h e  h o r i z o n t a l  i n t o  t h e  p e r i p h e r y ,  a n o t h e r  l o c a t e d  16O ver -  
t i c a l l y  i n t o  t h e  p e r i p h e r y ,  and a n o t h e r  l o c a t e d  22' a l o n g  t h e  
d i a g o n a l .  
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F 1 G . C - 2  T Y P I C A L  D I S P L A Y  P R E S E N T A T I O N  
F 1 G . C - 3  D I S P L A Y  C O N F I G U R A T I O N  U S E D  I N  T H E  
M U L T I - D I S P L A Y  T R A C K I N G  E X P E R I M E N T S  
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The most i m p o r t a n t  v i s u a l  i n t e r a c t i o n  was t h e  a b i l i t y  t o  ex- 
t e n d  a z e r o  r e f e r e n c e  from t h e  c e n t e r  o f  one d i s p l a y  t o  t h e  d i s p l a y  
i n  t h e  n e a r e s t  c lockwise  p o s i t i o n .  T h i s  a b i l i t y  was a n  i m p o r t a n t  
a i d  t o  p e r i p h e r a l  t r a c k i n g ,  s i n c e  a p e r i p h e r a l l y - l o c a t e d  b a s e l i n e  
t e n d e d  t o  d i s a p p e a r  a f t e r  a few s e c o n d s .  C o n s i d e r ,  f o r  example ,  a 
f i x a t i o n  p o i n t  a t  t h e  c e n t e r  o f  t h e  LL d i s p l a y .  It was p o s s i b l e  
t o  e x t e n d  m e n t a l l y  a z e r o  r e f e r e n c e  t o  t h e  UL d i s p l a y ,  s i n c e  t h e  
b a s e l i n e  shown on t h a t  d i s p l a y  was i t s e l f  a  s t a t i o n a r y  v e r t i c a l  
l i n e  l o c a t e d  above t h e  c e n t e r  o f  t h e  LL d i s p l a y .  The r e c t a n p u l a r  
g r i d  l i n e s  d i s p l a y e d  on t h e  f i x a t e d  ( i . e . ,  LL) d i s p l a y  presumably  
a i d e d  i n  t h e  r e f e r e n c e  e x t e n s i o n .  Kote t h a t  t h e  s u b j e c t  c o u l d  n o t  
s i m i l a r l y  e x t e n d  a r e f e r e n c e  from t h e  LL f i x a t i o n  p o i n t  t o  t h e  LR 
d i s p l a y ,  s i n c e  t h e  t r u e  r e f e r e n c e  f o r  t h e  l a t t e r  d i s p l a y  was o r t h o g -  
o n a l  t o  t h e  l i n e  c o n n e c t i n g  t h e  c e n t e r s  o f  t h e  d i s p l a y s .  There  was, 
o f  c o u r s e ,  no r e f e r e n c e  e x t e n s i o n  t o  t h e  d i a g o n a l l y - l o c a t e d  p e r i -  
p h e r a l  d i s p l a y .  
C o n t r o l s  .--The s u b j e c t  m a n i p u l a t e d  two aluminum s t i c k s ,  e a c h  
of which was a t t a c h e d  t o  a f o r c e - s e n s i t i v e  hand c o n t r o l  (Yeasurement  
Systems Hand C o n t r o l ,  Model 4 3 5 ) .  The s t i c k - c o n t r o l  combina t ion  
p r o v i d e d  an  o m n i d i r e c t i o n a l  s p r i n g  r e s t r a i n t  w i t h  a r e s t o r i n g  f o r c e  
o f  a b o u t  8 x  l o 6  dynes p e r  c e n t i m e t e r  d e f l e c t i o n  o f  t h e  t i p  o f  t h e  
s t i c k .  The sube jec t  used  w r i s t  and f i n g e r  mot ions  t o  m a n i p u l a t e  t h e  
s t i c k s  and was p r o v i d e d  w i t h  arm r e s t s  t o  s u p p o r t  h i s  f o r e a r m s .  
The t r a n s d u c e r  o f  each  hand c o n t r o l  p r o v i d e d  two i n d e p e n d e n t  
e l e c t r i c a l  o u t p u t s ,  one p r o p o r t i o n a l  t o  t h e  h o r i z o n t a l  and  t h e  o t h e r  
p r o p o r t i o n a l  t o . t h e  v e r t i c a l  component o f  d e f l e c t i o n .  The s t i c k s  
were a l l o w e d  t o  move f r e e l y  i n  b o t h  axes  i n  a l l  e x p e r i m e n t s .  The 
e r r o r  i n d i c a t o r s  i n  t h e  i n a c t i v e  a x e s  were clamped e l e c t r o n i c a l l y  
a t  z e r o  d i s p l a c e m e n t .  
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I n  o r d e r  t o  p r o v i d e  a  h igh  d e g r e e  o f  c o n t r o l - d i s p l a y  compati-  
b i l i t y ,  each c o n t r o l  was o r i e n t e d  s o  t h a t  t h e  s t i c k  was h o r i z o n t a l  
and cou ld  be moved i n  a  p l a n e  p a r a l l e l  t o  t h e  p l a n e  o f  t h e  d i s p l a y s .  
Each d i s p l a y  was c o n t r o l l e d  by a  component o f  s t i c k  movement a l o n g  
t h e  same a x i s  a s  t h e  motion of  t h e  e r r o r  i n d i c a t o r .  Thus,  t h e  UL 
d i s p l a y  was c o n t r o l l e d  b y  x-axis  ( i . e . ,  h o r i z o n t a l l y - d i r e c t e d )  de-  
f l e c t i o n s  o f  t h e  l e f t  c o n t r o l  s t i c k ,  t h e  LL d i s p l a y  by y -ax i s  mot ions  
of t h e  l e f t  s t i c k ,  t h e  UR d i s p l a y  by y -ax i s  mot ions  o f  t h e  r i g h t  
s t i c k ,  and t h e  LR d i s p l a y  b y  x -ax i s  mot ions  o f  t h e  r i g h t  s t i c k .  
The response  of  a n  e r r o r  i n d i c a t o r  was i n  t h e  same d i r e c t i o n  a s  t h e  
cor respond ing  component o f  c o n t r o l  d e f l e c t i o n .  
C o n t r o l  System Paramete r s  
Con t ro l l ed -e lement  dynamics.--The c o n t r o l l e d - e l e m e n t  dynamics 
were K / s  i n  a l l  a x e s  f o r  a l l  e x p e r i m e n t s .  I n  a l l  b u t  one e x p e r i m e n t ,  
t h e  c o n t r o l  g a i n s  were t h e  same on a l l  a x e s .  For  most o f  t h e  ex- 
p e r i m e n t s ,  t h e  c o n t r o l  g a i n  was such t h a t  1 Newton of  f o r c e  produced 
an  e r r o r  r a t e  o f  2 d e g r e e s  v i s u a l  a r c  p e r  second .  
Forc ing  f u n c t i o n s . - - F o r c i n g  f u n c t i o n s  were p rov ided  v i a  a  m u l t i -  
channe l  FM magnet ic  t a p e  sys tem d u r i n g  t r a i n i n g  and were g e n e r a t e d  
by t h e  9 4 0  d i e i t a l  s y s t e m  d u r i n g  d a t a - t a k i n g  s e s s i o n s .  Up t o  13 
s i n u s o i d s  were summed t o  p rov ide  s i g n a l s  t h a t  were random-appearing 
and whose s p e c t r a  approximated  w h i t e  n o i s e  p r o c e s s e d  by a  f i r s t -  
o r d e r  f i l t e r  w i t h  a  p o l e  a t  -2  r a d / s e c .  I n  o r d e r  t o  a s s u r e  o r t h o g -  
o n a l i t y  among t h e  component s i n u s o i d s ,  a n  i n t e g r a l  number o f  c y c l e s  
of each component was c o n t a i n e d  i n  t h e  measurement i n t e r v a l  ( a b o u t  
200 s e c o n d s ) .  Thus,  each  component was a  harmonic of  t h e  fundamenta l  
f requency 
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The mean-squared i n p u t  was t h e  same on a l l  axes  f o r  a l l  b u t  one 
e x p e r i m e n t a l  c o n d i t i o n  and was u s u a l l y  about  2 . 2  ( d e g / s e c ) 2  r e -  
f e r r e d  t o  system o u t p u t .  
Table  C - 1  l i s t s  t h e  r a d i a n  f requency ,  t h e  number o f  wavelengths  
i n  t h e  measurement i n t e r v a l ,  and t h e  r e l a t i v e  ampl i tude  o f  e a c h  o f  
t h e  13 s i n u s o i d a l  components which c o n s t i t u t e  a  t y p i c a l  f o r c i n g  
f u n c t i o n .  The i n i t i a l  phase  s h i f t s  a s s o c i a t e d  w i t h  each component 
of  a f o r c i n g  f u n c t i o n  were g e n e r a t e d  by a  random p r o c e s s  h a v i n g  a  
uni form d i s t r i b u t i o n  between 0 and 2 7 ~ .  
TABLE C - 1  
Pa ramete r s  of a  T y p i c a l  Forc ing  Func t ion  
Number of wavelengths  
i n  measurement i n t e r v a l  
---.-- 
Frequency 
( r a d / s e c )  -. - 
R e l a t i v e  
Amplitude 
- 
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T r a i n i n g  and Exper imen ta l  P rocedures  
S u b j e c t s  .--Four s u b j e c t s ,  a l l  o f  them i n s t r u m e n t - r a t e d  A i r  
Force  p i l o t s ,  p a r t i  c i p a t e d  i n  t h e  e x p e r i m e n t a l  program. Three  sub-  
j e c t s  were c u r r e n t l y  a c t i v e  i n  t h e  A i r  E ja t iona l  Guard and t h e  re- 
main ing  s u b j e c t  was a c t i v e  as a commercial  p i l o t .  
I n s t r u c t i o n s . - - T h e  s u b j e c t s  were  i n s t r u c t e d  t o  minimize mean- 
s q u a r e d  t r a c k i n g  e r r o r .  When t r a c k i n g  more t h a n  one a x i s  s i m u l t a n -  
e o u s l y ,  t h e y  were i n s t r u c t e d  t o  minimize  a t o t a l  s c o r e  g i v e n  a s  t h e  
sum o f  t h e  mean-squared e r r o r  s c o r e s  o b t a i n e d  from each  a x i s .  (The 
s c o r e s  were we igh ted  e q u a l l y  i n  t h i s  c o m p u t a t i o n . )  The s u b j e c t s  
were informed o f  t h e i r  s c o r e s  a f t e r  each  s e s s i o n ,  and h i s t o r i e s  of 
t h e  per formance  o f  a l l  s u b j e c t s  were p o s t e d  and shown t o  each  sub-  
j e c t  i n  an a t t e m p t  t o  f o s t e r  a  s p i r i t  o f  c o m p e t i t i o n .  
Run Length.--All  t r a i n i n g  and e x p e r i m e n t a l  t r i a l s  l a s t e d  f o u r  
minu tes  and were g e n e r a l l y  p r e s e n t e d  i n  s e s s i o n s  o f  t h r e e  o r  f o u r  
t r i a l s  e a c h  w i t h  a minimum r e s t  p e r i o d  o f  10 minu tes  between s e s s i o n s .  
Minimum r e s t  p e r i o d s  of  1 minute  were p r o v i d e d  between s u c c e s s i v e  
t r i a l s  w i t h i n  a s e s s i o n .  A l l  mean-squared e r r o r  s c o r e s  and o t h e r  
measurements were o b t a i n e d  from samples  o f  d a t a  3  minu tes  and 20 
seconds  l o n g ,  b e g i n n i n g  20 seconds  a f t e r  t h e  o n s e t  o f  t h e  f o r c i n g  
f u n c t i o n .  
Inputs.--A number o f  f o r c i n g  f u n c t i o n s  were used d u r i n g  t r a i n -  
i n g  under  a  g i v e n  c o n d i t i o n  t o  minimize l e a r n i n g  o f  t h e  i n p u t .  
These f o r c i n g  f u n c t i o n s  were o f  t h e  t y p e  shown i n  Tab le  C - 1 ,  e x c e p t  
t h a t  t h e  h i g h e s t  f r equency  component was a b s e n t ,  and were p r e s e n t e d  
i n  a b a l a n c e d  o r d e r .  I n  o r d e r  t o  minimize t h e  e f f e c t s  o f  i n p u t  d i f -  
f e r e n c e s  on t h e  e x p e r i m e n t a l  r e s u l t s ,  however ,  a s i n g l e  s e t  o f  
f o r c i n g  f u n c t i o n s  was used  i n  a  g i v e n  e x p e r i m e n t .  
Tra in ing . - -The  s u b j e c t s  were t r a i n e d  under  each  c o n d i t i o n  u n t i l  
a n  a p p a r e n t l y  s t a b l e  per formance  l e v e l  was a c h i e v e d .  I n  g e n e r a l ,  
t h e  s u b j e c t s  were  t r a i n e d  i n  an  e q u a l  m i x t u r e  of  t h e  c o n d i t i o n s  t o  
be i n v e s t i g a t e d  i n  each  exper imen t .  
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T y p i c a l  Exper imenta l  Waveforms.--Typical t i m e  t r a c i n g s  o f  
i n p u t ,  s y s t e m  e r r o r ,  and p i l o t  c o n t r o l  s i g n a l s  a r e  p r e s e n t e d  i n  
F i g u r e  C - 4 .  S i n c e  t h e s e  t r a c i n g s  have been o b t a i n e d  from a  d i s -  
p l a y  of  t h e  d i g i t i z e d  d a t a ,  t h e y  appear  a s  s e t s  o f  d i s c r e t e  p o i n t s .  
The a n a l o g  waveforms from which t h e s e  samples were o b t a i n e d  were ,  
of c o u r s e ,  s i g n a l s  t h a t  were con t inuous  i n  t i m e ,  
Data  Recording 
A l l  e x p e r i m e n t a l  d a t a  were r e c o r d e d  o n t o  d i g i t a l  magne t i c  t a p e  
v i a  t h e  SDS-940 sys tem and i t s  a s s o c i a t e d  p e r i p h e r a l  hardware .  Con- 
t r o l  o f  t h e  exper iment  w a s  e f f e c t e d  th rough  t h e  STOREDATA s y s t e m ,  
a program w r i t t e n  i n  a  940-compatible  v e r s i o n  o f  FORTRAN I1 which 
(1) g e n e r a t e d  t h e  f o r c i n g  f u n c t i o n s ,  ( 2 )  p rov ided  a  s i g n a l  f o r  con- 
t r o l l i n g  t h e  a n a l o g  computer ,  ( 3 )  performed o n - l i n e  computa t ions  o f  
t h e  incoming d a t a ,  and ( 4 )  c o n v e r t e d  t h e  d a t a  t o  d i g i t a l  fo rmat  f o r  
s t o r a g e .  Data were sampled a t  t h e  r a t e  o f  20 samples /second.  A l l  
e x p e r i m e n t a l  t r i a l s  were 4800 samples ( 4  m i n u t e s )  i n  l e n g t h .  Nearly 
a l l  o f  t h e  a n a l y s e s  d e s c r i b e d  i n  t h e  f o l l o w i n p  s e c t i o n  were performed 
% 
on 4096 samples ( a b o u t  3 m i n u t e s ,  20 s e c o n d s )  b e g i n n i n g  a b o u t  20 
seconds  a f t e r  t h e  o n s e t  o f  t h e  t r i a l .  
D e s c r i p t i v e  Measures 
Mean-Squared e r r o r s .  --Mean-squared e r r o r  (MSE) s c o r e s  were  com- 
p u t e d  f o r  each a x i s  i n  a  g i v e n  e x p e r i m e n t a l  t r i a l ,  and a  t o t a l  p e r -  
formance measure was computed as t h e  sum of  t h e s e  s c o r e s ,  Analyses 
of v a r i a n c e  were performed on s e l e c t e d  s e t s  of MSE s c o r e s  t o  t e s t  
t h e  s i g n i f i c a n c e  of  d i f f e r e n c e s  i n  s c o r e s  t h a t  accompanied changes 
i n  e x p e r i m e n t a l  c o n d i t i o n s .  
StThe f a s t - F o u r l e r  t r a n s f o r m  t e c h n i q u e  used i n  o b t a i n i n g  power s p e c t r a  
and d e s c r i b i n g  f u n c t i o n  r e q u i r e d  2 N  d a t a  p o i n t s .  
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F 1 G . C - 4  T Y P I C A L  T I M E  T R A C I N G S  
V e h i c l e  D y n a m i c s  = K / s  
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Power Spec t r a . - -Power  s p e c t r a  were  o b t a i n e d  u s i n g  F o u r i e r  a n a l -  
y s i s  t e c h n i q u e s  b a s e d  on t h e  Cooley-Tukey method o f  comput ing  t r a n s -  
forms ( R e f .  3 3 ) .  Samples  o f  t h e  t i m e  h i s t o r i e s  o f  e a c h  s i g n a l  were  
c o n v e r t e d  t o  f requency-domain  r e p r e s e n t a t i o n s  by t h e  a l p o r i t h m  
where f n  i s  t h e  sampled v a l u e  of t h e  s i p n a l  a t  t h e  nth d l s c r e t e  
t i m e  i n t e r v a l ,  M i s  t h e  t o t a l  number o f  s ample  p o i n t s  i n  t h e  mea- 
su remen t  i n t e r v a l ,  and  Fm i s  t h e  F o u r i e r  c o e f f i c i e n t  a t  t h e  m t h  
harmonic  o f  t h e  f u n d a m e n t a l  f r e q u e n c y .  The f u n d a m e n t a l  f r e q u e n c y  
i s  g i v e n  as 
where AT i s  t h e  i n t e r v a l  be tween  s u c c e s s i v e  t i m e  s a m p l e s .  N was 
4090 and A T  was 0 . 0 5  s e c  f o r  t h e  v e h i c l e - d i s t u r b a n c e  e x p e r i m e n t s  
r e p o r t e d  h e r e .  I n  o r d e r  t o  enhance  t h e  i n t e r p r e t a b i l i t y  o f  t h e  
r e s u l t s ,  t h e  f u n d a m e n t a l  f r e q u e n c y  uo o f  t h e  F o u r i e r  a n a l y s i s  was 
t h e  same as t h e  b a s e  f r e a u e n c y  a b o u t  which t h e  f o r c i n p  f u n c t i o n s  
were  c o n s t r u c t e d ,  Each s p e c t r u v ,  t h e r e f o r e ,  c o n s i s t e d  of a s e t  of 
l i n e s  s p a c e d  by a p p r o x i m a t e l y  0 . 0 3 1  r a d / s e c  and extend in^ from 
n 
0 .031  t o  a b o u t  611 r a d / s e c .  fi7easurements beyond 37 r a d / s e c  were 
d i s r e c a r d e d .  
3t 
S i n c e  t h e  measurement  l e n ~ t h  i s  f i n i t e ,  e a c h  s p e c t r a l  " l i n e "  
r e p r e s e n t s  t h e  power c o n t a i n e d  i n  a  measurerrent window of t h e  
form { [ s i n  nw/wo]/[nw/wo]) c e n t e r e d  a b o u t  t h e  norriinal measure-  
ment f r e q u e n c y .  
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It was c o n v e n i e n t  f o r  a n a l y t i c a l  pu rposes  t o  c o n s i d e r  e a c h  
power spec t rum as t h e  sum o f  two component s p e c t r a :  ( a )  t h e  " i n p u t -  
c o r r e l a t e d "  s p e c t r u m ,  c o n s i s t i n g  on ly  o f  t h o s e  measurements  c o i n -  
c i d e n t  w i t h  t h e  f o r c i n g - f u n c t i o n  f r e q u e n c i e s ,  and ( b )  t h e  remnant  
s p e c t r u m ,  c o n s i s t i n p  o f  t h e  r e m a i n d e r  o f  t h e  power s p e c t r u m .  The 
i n p u t - c o r r e l a t e d  p o r t i o n  o f  t h e  spec t rum was i n t e r p r e t e d  as t h e  
l i n e a r  r e s p o n s e  t o  t h e  f o r c i n g  f u n c t i o n ;  c o n v e r s e l y ,  t h e  remnant  
p o r t i o n  was c o n s i d e r e d  t o  a c c o u n t  f o r  a l l  o f  t h e  s i p n a l  power t h a t  
was n o t  l i n e a r l y  r e l a t e d  t o  t h e  f o r c i n g  f u n c t i o n .  These i n t e r p r e -  
t a t i o n s  were  based  on t h e  u n d e r l y i n g  a s sumpt ions  t h a t  ( a )  o n l y  a 
n e g l i g i b l e  amount o f  power measured a t  a n  i n p u t  f r e q u e n c y  was due 
t o  random o r  n o n l i n e a r  c o n t r o l l e r  b e h a v i o r ,  and ( b )  on ly  a n e g l i -  
g i b l e  f r a c t i o n  o f  t h e  remnant o c c u r r e d  a t  i n p u t  f r e q u e n c i e s .  
Computat ion o f  t h e  power s p e c t r u m  a l lowed  t h e  p a r t i t i o n i n g  o f  
t h e  s i g n a l  v a r i a n c e  o n t o  t h e  p o r t i o n  o f  s i g n a l  power c o r r e l a t e d  
w i t h  t h e  i n p u t  and t h e  p o r t i o n  due t o  remnant .  These component 
s c o r e s  were  o b t a i n e d  by summing t h e  s p e c t r a l  measurements  o b t a i n e d  
a t  i n p u t  f r e q u e n c i e s  and a t  a l l  f r e q u e n c i e s  e x c e p t i n g  i n p u t  f r e -  
q u e n c i e s ,  r e s p e c t i v e l y .  (The power measurement a t  0 f r e q u e n c y ,  
r e p r e s e n t i n g  t h e  s q u a r e  o f  t h e  mean, was n o t  i n c l u d e d  i n  t h e  l a t t e r  
summation. ) 
E s t i m a t e s  o f  t h e  remnant component o f  t h e  spec t rum a t  i n p u t  
f r e q u e n c i e s  were needed f o r  t h e  computa t ion  o f  o b s e r v a t i o n  n o i s e  
( d i s c u s s e d  be low)  and a l s o  f o r  a t e s t  o f  t h e  above a s s u m p t i o n s .  
T h i s  measurement c o u l d  n o t  b e  o b t a i n e d  d i r e c t l y ,  s i n c e  t h e r e  was 
no way t o  s u b d i v i d e  a s i n g l e  measurement i n t o  i n p u t - r e l a t e d  and 
r e m n a n t - r e l a t e d  components.  I n s t e a d ,  e s t i m a t e s  were p r o v i d e d  by 
a v e r a g e s  of  t h e  power s p e c t r a l  measurements o b t a i n e d  on e i t h e r  
s i d e  of ( b u t  n o t  i n c l u d i n g )  a n  i n p u t  f r e q u e n c y .  The a s s u m p t i o n  
was made t h a t  t h e  remnant s p e c t r u m  was a  c o n t i n u o u s  f u n c t i o n  o f  
f r equency  i n  t h e  v i c i n i t y  o f  t h e  i n p u t  f r e q u e n c i e s .  T h i s  h a s  b e e n  
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shown t o  b e  a r e a s o n a b l y  good as sumpt ion  ( s e e  Appendix B )  . The 
a v e r a g i n g  windows e x t e n d e d  rough ly  1/8 o c t a v e  on e i t h e r  s i d e  o f  
each  i n p u t  f r e q u e n c y ,  S i n c e  t h e  s p e c t r a l  measurements y i e l d e d  by 
t h e  F o u r i e r  a n a l y s i s  were spaced  l i n e a r l y  w i t h  f r e q u e n c y ,  t h e  num- 
b e r  o f  measurements i n c l u d e d  i n  t h e  a v e r a g e  i n c r e a s e d  w i t h  i n c r e a s -  
i n g  f r equency .  
~ e s c r i b i n f f  unctions.--Human c o n t r o l l e r  d e s c r i b i n g  f u n c t i o n s  
were o b t a i n e d  u s i n g  t h e  F o u r i e r  a n a l y s i s  t e c h n i q u e s  d e s c r i b e d  above.  
Samples o f  t h e  c o n t r o l l e r  d e s c r i b i n g  f u n c t i o n  - a t  i n p u t  f r e q u e n c i e s  
on ly  - were o b t a i n e d  by d i v i d i n g  t h e  t r a n s f o r m  o f  t h e  c o n t r o l  s i g n a l  
by t h e  t r a n s f o r m  o f  t h e  e r r o r  s i g n a l .  T h i s  t e c h n i q u e  i s  s imi l a r  t o  
t h o s e  employed by T u s t i n  ( R e f .  6 ) ,  McRuer, e t  a 1  ( R e f .  4 ) ,  a n d  
T a y l o r  (Ref .  3 1 ) .  E s t i m a t e s  o f  t h e  v a l i d i t y  o f  t h e  e r r o r  and  con- 
t r o l  s i g n a l  t r a n s f o r m s  a t  a  g i v e n  f r equency  were o b t a i n e d  from a 
compar ison  o f  t h e  power measured a t  t h a t  f r equency  and t h e  remnant  
e s t i m a t e d  a t  t h a t . f r e q u e n c y .  I f  t h e  e r r o r  and c o n t r o l  remnant  e s -  
t i m a t e s  were n o t  j o i n t l y  more t h a n  4 dB below t h e  c o r r e s p o n d i n g  
" i n p u t - c o r r e l a t e d ' '  m e a s u r e s ,  t h e  e s t i m a t e  o f  t h e  d e s c r i b i - n g  f u n c t i o n  
a t  t h a t  f r equency  was c o n s i d e r e d  t o  b e  i n v a l i d .  T h i s  a c c e p t a n c e  
c r i t e r i o n  a l l o w e d  f o r  a maximum e r r o r  i n  t h e  a m p l i t u d e  r a t i o  o f  
a b o u t  1 . 5  dB.  
O b s e r v a t i o n  no i se . - - (P rocedures  f o r  computing o b s e r v a t i o n  n o i s e  
a r e  d e s c r i b e d  i n  Chap te r  I V  o f  t h e  main body o f  t h i s  r e p o r t  and are 
n o t  r e p e a t e d  h e r e .  ) 
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